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GRADED BRAUER GROUPS OF A GROUPOID WITH INVOLUTION
EL-KA¨IOUM M. MOUTUOU
ABSTRACT. We define a group B̂rR(G) containing, in a sense, the graded complex and orthog-
onal Brauer groups of a locally compact groupoid G equipped with an involution. When the
involution is trivial, we show that the new group naturally provides a generalisation of Donovan-
Karoubi’s graded orthogonal Brauer group GBrO. More generally, it is shown to be a direct
summand of the well-known graded complex Brauer goup. In addition, we prove that B̂rR(G)
identifies with a direct sum of a Real cohomology group and the abelian group ÊxtR(G, S1) of
Real graded S1-central extensions. A cohomological picture is then given.
INTRODUCTION
The idea of working with Z2-graded real C∗-algebras [18] as if they were complex ones first
emerged in Kasparov’s founding paper [16] of bivariant K-theory. The trick merely consists of
”complexifying” a given graded real C∗-algebra; that is, considering the complex C∗-algebra
AC := A⊗R C together with the induced Z2-grading. The latter admits the obvious conjugate-
linear involution a ⊗R λ 7−→ a ⊗R λ¯. Conversely, any Z2-graded complex C∗-algebra B ad-
mitting a conjugate linear involution σ is necessarily the complexification of a graded real C∗-
algebra BR, which identifies with the fixed points of σ. It follows that ”complexification” defines
an equivalence from the category of Z2-graded real C∗-algebras to the category of Z2-graded
complex C∗-algebras endowed with conjugate-linear involutions (also called Real involutions
or Real structures in the literature [16]). The inverse functor is ”realification”; that is, taking
the fixed point set of the involution. In fact, working with the complexified algebra instead of
the original real one is useful especially when it comes to discuss functional calculus. However,
that equivalence of categories no longer holds when the C∗-algebras are acted upon by topolog-
ical groupoids endowed with Real structures [20]. By an action of a Real groupoid (G, τ) on a
Z2-graded C∗-algebra A equipped with a Real involution σ we mean an action α = (αg)g∈G of
G by ∗-automorphisms on A [17] such that for all g ∈ G,a ∈ As(g),ατ(g)(σ(a)) = σ(αg(a)),
and αg : As(g) −→ Ar(g) is an isomorphism of Z2-graded C∗-algebras. The reason of such a
failure is that an action of G on AR does not extends to an action of (G, τ) on A satisfying the
condition mentioned above, unless the involution τ : G −→ G is trivial.
In the present paper, we are dealing with stable continuous-trace Z2-graded C∗-algebras
A [22, 26] endowed with Real involution and acted upon by a Real groupoid (G, τ). Forget-
ting the involutions, it is known that [17, 29] giving such C∗-algebras is equivalent to giv-
ing Z2-graded Dixmier-Douady bundles A over G; that is, a Z2-graded elementary C∗-bundle
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A −→ G(0) satisfying Fell’s condition, together with a family of Z2-graded ∗-isomorphisms
αg : As(g) −→ Ar(g) such that αgh = αgαh whenever the product makes sense and α−1g =
αg−1 . The graded Brauer group B̂r(G) [29] of G is defined from Morita equivalence classes
of such bundles, or equivalently from stable continuous-trace Z2-graded C∗-algebras equipped
with a G–action. If G is a transformation groupoid X⋊ G, where G is a locally compact group
acting on X, then B̂r(G) = B̂rG(X) is nothing but the equivariant analogue of Parker’s [22], and
the graded analogue of Crocker-Kumjian-Raeburn-Williams [6]. It is shown in [29] that if G is
locally compact second-countable and Hausdorff, then
B̂r(G) ∼= Hˇ0(G•,Z2)× Hˇ1(G•,Z2)× Hˇ2(G•, S1).
Note that B̂r generalises Donovan-Karoubi’s GBrU [8] and Parker’s GBr∞. Roughly speak-
ing, a graded Dixmier-Douady bundle A ∈ B̂r(G) is of parity 0 (resp. of parity 1) if it has
typical fiber K(Hˆ) (resp. K(H) ⊕ K(H)), where Hˆ (resp. H) is a graded complex sep-
arable Hilbert space (resp. is a complex separable Hilbert space) [10, 29]. Noticing that
K(H) ⊕ K(H) ∼= K(H)⊗ˆCl1, the isomorphism above implies that if the base space of G is
connected, then B̂r(G) is a Z2-graded group.
Instead of simply generalising Donovan-Karoubi’s graded orthogonal Brauer groupGBrO to
groupoids, we are going further. More precisely, we introduce a new group B̂rR, which enables
us to study graded complex and real Dixmier-Douady bundles simultaneously. We start with a
locally compact Hausdorff second-countable Real groupoid (G, τ) with a Haar system [20, §2],
and define B̂rR(G) as the set of Morita equivalence classes of Real graded Dixmier-Douady
bundles over (G, τ); i.e., graded Dixmier-Douady bundles A that come equipped with Real
structures satisfying some relevant relations. We shall note that we introduced in [19] a group
B̂rR∗(G) which actually is but the subgroup of B̂rR(G) consisting of Real graded Dixmier-
Douady bundles (that we called B-fields in loc. cit.) that locally look like a graded elementary
complex C∗-algebra Kˆ endowed with a Real involution. We have shown that such bundles
are, up to Morita equivalence, of eight types. Thus, for a Real groupoid (G, τ) with connected
base space, B̂rR∗(G) is a Z8-graded group. Roughly speaking, B̂rR∗(G) is the subgroup of el-
ements of constant types in B̂rR(G). In the present paper, we explore both geometric (in terms
of groupoid extensions) and cohomological interpretations of B̂rR(G). We show that when the
Real structure of G is trivial, B̂rR(G) is a generalisation of Donovan-Karoubi’s graded orthog-
onal Brauer group. For fixed point free involutions, we show that B̂rR is a direct summand of
B̂r. Our interest in the cohomological classification of Real graded Dixmier-Douady bundles is
motivated by the study of twisted KR-theory we present in [21].
General plan. In Appendix A, we classify all Real structures on graded elementary complex
C∗-algebras. In Section 1, we give general notions of Real graded Banach bundles on a Real
space. In Section 2, we define Real graded Dixmier-Douady bundles over a locally compact
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second-countable Hausdorff Real groupoid. Then we define the group B̂rR(G) for locally com-
pact second-countable Hausdorff Real groupoid G and present few properties. In Section 3,
we investigate connections between B̂rR and the already known Brauer groups of topological
groupoids and spaces, mainly with complex and real Brauer groups. In Section 4, we introduce
a group InvKˆ that is crucial in the cohomological picture of B̂rR(G). In Section 5, we define
the notion of generalised classifying morphisms for Real graded Dixmier-Douady bundles, and
then exhibit their construction in Section 6. In Section 7, we prove the first intermediate iso-
morphism theorem establishing an isomorphism between the subgroup B̂rR0(G) generated by
elements of ”type 0” and the group of isomorphism classes of ”stable” generalised classifying
morphisms. Section 8 is devoted to the case of a locally compact Real group; i.e., when the
unit space of the groupoid is the one point set. In Section 9, we prove the main isomorphism
theorems of the paper. Finally, in Section 10, we discuss the case of ”ungraded” Real Dixmier-
Douady bundles, from which we obtain the Real analogue of [17].
Preliminaries and conventions. Recall [1] that a Real space is a pair (X, τ) consisting of
a (topological) space X and a homeomorphism τ : X −→ X, called (Real) involution such
that τ2 = 1. A Real map f : (X, τ) −→ (Y,σ) between Real spaces consists of a map f :
X −→ Y such that σ(f(x)) = f(τ(x)) for all x ∈ X. More generally, a Real groupoid is
a groupoid G //// X endowed with a groupoid isomorphism τ : G −→ G such that τ2 =
1. Real morphisms between Real groupoids are defined in the obvious way. The category
of all Real groupoids and Real morphisms is denoted RGs. There is also the notion of Real
generalised morphisms between Real groupoids defined in [20], which is an equivariant version
of the ordinary notion of generalised morphism ( [12, 30]. The category whose objects are
Real groupoids and whose morphisms are Real generalised morphisms is denoted by RG. We
refer to [20] for details about all the materials used in this paper: Real groupoids and their
cohomology theory, Real generalised morphisms and Real graded central extensions.
Given a Real space (X, τ) (resp. a Real groupoid (G, τ)), we will often omit the involution and
simply write X (resp. G). The image of an element by the involution will often be represented
by a ”bar” over it; i.e., for g ∈ G, we write g¯ := τ(g). By a Real point of a Real groupoid we
will mean a one that is invariant under the involution. The Real part of G is the subset of all its
Real points.
Finally, throughout the paper, by a Real groupoid we will mean a locally compact second-
countable Hausdorff Real groupoid with Real Haar system (see loc.cit.), unless otherwise stated.
1. REAL FIELDS OF GRADED BANACH BUNDLES
In this section we give the basics of Real fields of graded Banach spaces, Banach algebras,
Hilbert spaces, and of C∗–algebras over Real spaces. We shall first recall from Appendix A that
a Real graded C∗-algebra (abbreviated as Rg C∗–algebra) is a Z2-graded complex C∗-algebra
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A = A0 ⊕A1 endowed with a conjugate-linear ∗-automorphism σ : A −→ A such that σ2 = 1
and σ(Ai) = Ai, i = 0, 1. Rg Banach spaces, Banach algebras or Hilbert spaces are defined
similarly. The involution σ is called a Real structure, and will often be omitted and represented,
as in the case of groupoids, by a ”bar”; that is, for a ∈ A we will write a¯ := σ(a).
Definition 1.1 (Compare [9]). Let (X, τ) be a locally compact Hausdorff Real space. A con-
tinuous (resp. u.s.c., for upper semi-continuous) Real field of graded Banach spaces A over
(X, τ) consists of a family (Ax)x∈X of graded Banach spaces together with a topology on
A˜ =
∐
x∈XAx and an involution σ : A˜ −→ A˜ such that :
(i) the topology on Ax induced from that on A˜ is the norm-topology;
(ii) the projection p : A˜ −→ X is Real, continuous, and open;
(iii) the map a 7−→ ‖a‖ is continuous (resp. u.s.c) from A˜ to R+, and ‖σ(a)‖ = ‖a‖, ∀a ∈
A.
(iv) the map (a,b) 7−→ a+ b is continuous from A˜×X A˜ to A˜;
(v) the scalar multiplication (λ,a) 7−→ λa is continuous from C× A˜ to A˜;
(vi) the induced bijection σx : Ax −→ Aτ(x) is an anti-linear isomorphism of graded Ba-
nach spaces for every x ∈ X, i.e. the diagram
C×Ax //

Ax

C×Aτ(x) // Aτ(x)
(1)
commutes, where the horizontal arrows are the action of C on the fibres and the vertical
ones are the Real involutions (C being endowed with the complex conjugation), and
σ ◦ ǫx = ǫτ(x) ◦ σx.
(vii) if {ai} is a net in A˜ such that ‖ai‖ → 0 and p(ai)→ x ∈ X, then ai → 0x, where 0x is
the zero element in Ax.
We also say that (A,σ) is a Real graded Banach bundle (resp. u.s.c. bundle) over (X, τ).
Definition 1.2. A Rg Hilbert bundle (resp. u.s.c. bundle) over (X, τ) is a Real graded Banach
bundle (resp. u.s.c. bundle) (A,σ) over (X, τ) each fibre Ax o which is a graded Hilbert space
such that the fibre-wise scalar product satisfies
〈σx(ξ),σx(η)〉 = 〈ξ, η〉
for all ξ, η ∈ Ax.
Definition 1.3. A Rg C∗-bundle (resp. u.s.c. C∗-bundle) over (X, τ) is a Rg Banach bundle
(resp. u.s.c. bundle) (A,σ) such that each fibre is a graded C∗-algebra and the following
properties hold
(a) the map (a,b) 7−→ ab is continuous from A˜×X A˜ to A˜;
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(b) σ(ab) = σ(a)σ(b) for all (a,b) ∈ A˜×X A˜;
(c) for x ∈ X, σx(a∗) = σx(a)∗ for all a ∈ Ax.
Homomorphism of Rg u.s.c. Banach bundles and of u.s.c. C∗-bundles are defined in an
obvious way.
Example 1.4 (Trivial bundles). If (A,−) is any Rg Banach algebra (resp. C∗-algebra), then the
first projection pr1 : (X×A, τ× −) −→ (X, τ) defines a Rg Banach bundle (resp. C∗-bundle)
with fibre A. A Real graded Banach bundle (resp. C∗-bundle) of this form is called trivial.
Definition 1.5. A u.s.c. field of graded Banach spaces A˜ −→ X (without Real structure) is
said to be locally trivial if for every x ∈ X, there exists a neighborhood U ∋ x such that A˜|U is
isomorphic (under a graded isomorphism) to a trivial field U×A, where A is a graded Banach
space.
Similarly, we talk about locally trivial field of graded Hilbert spaces, graded Banach algebras,
and graded C∗-algebras.
Unless otherwise stated, all of the graded Banach bundles and C∗-bundles we are dealing
with are assumed to be locally trivial.
We shall however point out that the above notion of local triviality is not sufficient when Real
structures are involved. Specifically, suppose (X, τ) is a Real space and (A,σ) −→ (X, τ) is a
u.s.c. Real field of graded Banach spaces which is locally trivial in the sense of Definition 1.5.
Then it is not true that there exists a Rg Banach space A such that the Real space A locally
behaves like A in the sense that there would exist for all x ∈ X an open invariant neighborhood
(also called Real neighborhood) U of x (i.e. τ(U) = U) and a Real homeomorphism h :
p−1(U) −→ U × A; or equivalently, that there would exist a Real open cover {Ui}i∈I of X
(i.e. I has an involution i 7−→ i¯ such that τ(Ui) = Ui¯, ∀i ∈ I; see [20]) and a trivialisation
hi : p
−1(Ui) −→ Ui ×A such that the following diagram commutes
p−1(Ui)
hi
//
τ|Ui

Ui ×A
τ×bar

p−1(Ui¯)
hi¯
// Ui¯ ×A
(2)
We then give the following
Definition 1.6. A Rg Banach bundle (resp. C∗-bundle, Hilbert bundle, etc.) A −→ X is
LTCR (locally trivial in the category of Real spaces) if there exists a Rg Banach space (resp.
C∗-algebra, Hilbert space, etc.) A and a Real local trivialisation (Ui,hi)i∈I such that the dia-
gram (2) commutes.
Here is an example of a not LTCR Real graded C∗-bundle.
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Example 1.7. Let A be a simple separable stably finite unital C∗-algebra that is not the com-
plexification of any real C∗-algebra [23, Corollary 4.1]. Define a continuous Real field of
(trivially) graded C∗-algebras A˜ over the Real space S0,1 = {+1,−1} by setting
A−1 := A, and A+1 := A,
where A is the complex conjugate of A, together with the Real structure σ : A˜ −→ A˜ given by
the conjugate linear ∗-isomorphism ♭ : A −→ A (the identity map). Then A is not LTCR since
A ≇ A.
Definition 1.8 (Pull-backs). If (A,σ) is a Rg C∗-bundle over (X, τ) and ϕ : (Y, ρ) −→
(X, τ) is a continuous Real map, then the pull-back of (A,σ) along ϕ is the Rg C∗-bundle
(ϕ∗A,ϕ∗σ) −→ (Y, ρ), whereϕ∗A := Y×ϕ,Y,pA, andϕ∗σ(y,a) := (ρ(x),σ(a)), ∀(y,a) ∈
ϕ∗A. Each fibre (ϕ∗A)y can be identified withAϕ(y) and then inherits the grading of the latter.
It can easily be checked that if (A,σ) −→ (X, τ) is LTCR, then so is the pull-back (ϕ∗A,ϕ∗σ)
over (Y, ρ).
From now on, all our Rg bundles are supposed to be LTCR, unless otherwise stated.
Remark 1.9. For any Rg Banach (resp. C∗-) bundle (A,σ) −→ (X, τ), C0(X,A) is a Rg Ba-
nach (resp. C∗-) algebra with respect to the obvious pointwise operations and norm ‖s‖ :=
supx∈X ‖s(x)‖; the grading and the Real structure are given by ǫ(s)(x) := ǫx(s(x)) and
σ(s)(x) := στ(x)(s(τ(x))). It is straightforward that σx ◦ στ(x) = IdAτ(x), στ(x) ◦ σx = IdAx .
In particular, for a Real point x ∈ X, Ax is a Rg Banach (resp. C∗-) algebra.
Note that if p : (A,σ) −→ (X, τ) is a Rg C∗-bundle, then C0(X) acts by multiplication on
C0(X,A). Moreover, this action is Real and graded in the sense that it is compatible with the
Real structure and the grading. Indeed, for f ∈ C0(X) and s ∈ C0(X,A), we set σ(f · s)(x) :=
f(τ(x))σ(s(τ(x))) = τ(f)(x) · σ(s)(x). Thus, (A,σ), where A = C0(X,A), is a Rg C0(X)-
module [16].
If (A,σ) is a Rg Banach bundle over (X, τ), then a continuous function s : X −→ A such
that p ◦ s = IdX is called a section of A. Observe that if s is a section of A, then for any x ∈ X,
s(τ(x)) and σ(s(x)) are in the same fibre Aτ(x). We say that s is Real if s(τ(x)) = σ(s(x)).
The set of all sections s for which x 7−→ ‖s(x)‖ is in C0(X) is denoted by C0(X,A).
Definition 1.10. A Rg Banach bundle p : A −→ X has enough sections if given any x ∈ X and
any a ∈ Ax, there is a continuous section s ∈ C0(X,A) such that s(x) = a.
The following result ensures that all Rg Banach bundles considered in the paper have enough
sections (see [9, Appendix C] for a detailed proof).
Theorem 1.11 (Douady–dal Soglio-He´rault). Any Banach bundle over a paracompact or lo-
cally compact space has enough sections.
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Corollary 1.12. Suppose (X, τ) is a locally compact Hausdorff Real space. Then, if p :
(A,σ) −→ (X, τ) is a Rg Banach bundle, Real sections always exist.
Proof. Let x ∈ X,a ∈ Ax; then by Theorem 1.11 there exists s ∈ C0(X,A) such that s(x) = a.
Since for every x ∈ X, s(x) and στ(x)(s(τ(x))) belong to the Banach algebra Ax, the map
s˜ := 1
2
(s+ σ(s)) is a well-defined section in C0(X,A) which verifies σ(s˜) = s˜. 
Definition 1.13 (Elementary Rg C∗-bundle). A Rg C∗-bundle (A,σ) −→ (X, τ) is called ele-
mentary if each fibre Ax is isomorphic to a graded elementary C∗-algebra.
Definition 1.14. We say that a Rg elementary C∗-bundle p : (A,σ) −→ (X, τ) satisfies Fell’s
condition if (and only if) C0(X,A) is continuous-trace.
If (A,σ) −→ (X, τ) is a Rg elementary C∗-bundle, the spectrum of A is naturally identified
with the Real space (X, τ) (see [18, 25, 26]).
In the sequel, we will write A for C0(X,A) and if ϕ : (Y, ρ) −→ (X, τ) is a continuous Real
map, we will write ϕ∗A for C0(Y,ϕ∗A).
Definition 1.15. Suppose that pA : (A,σA) −→ (X, τ) and pB : (A,σB) −→ (X, τ) are Rg
C∗-bundles. Then a Rg Banach bundle q : (E,σA) −→ (X, τ) is called a Rg A–B-imprimitivity
bimodule if each fibre Ex is a graded Ax–Bx–imprimitivity bimodule such that
(a) the natural maps (A×X E,σA× σE) −→ (E,σE), (a, ξ) −→ a · ξ and (E×X B,σE×
σA) −→ (E,σE), (b, ξ) 7−→ b · ξ are Real and continuous;
(b) (σA)x(Ax〈ξ, η〉) = Aτ(x)〈(σE)x(ξ), (σE)x(η)〉 and (σB)x(〈ξ, η〉Bx) = 〈(σB)x(ξ), (σE)x(η)〉Bτ(x).
If such a RgA–B-imprimitivity bimodule exists, we say that (A,σA) and (B,σB) are Morita
equivalent.
Let (A,σA) and (B,σB) be elementary Rg C∗-bundles over (X, τ). Then, as in the ungraded
complex case [17, p.18], there is a unique elementary Rg C∗-bundle A⊗ˆB over X × X with
fibre Ax⊗ˆBy over (x,y) and such that (x,y) 7−→ f(x)⊗ˆg(y) is a section for all f ∈ A =
C0(X,A) and g ∈ B = C0(X,B). The Real structure is given by (σA)x⊗ˆ(σB)y over (x,y).
By this construction, the elementary Rg C∗-bundle (A⊗ˆB,σA⊗ˆσB) satisfies Fell’s condition
if (A,σA) and (B,σB) do so, as does its restriction (A⊗ˆXB,σA⊗ˆXσB) to the diagonal ∆ =
{(x, x) ∈ X× X}.
Definition 1.16. Let (A,σA) and (B,σB) be Rg elementary C∗-bundles over (X, τ). Then,
their tensor product is defined to be the Rg elementary C∗-bundle (A⊗ˆXB,σA⊗ˆXσB) over the
Real space (X, τ) which is identified with the diagonal (∆, τ) of (X× X, τ× τ).
For the rest of the paper, all Real structures will be omitted, except where there likely to be
confusion. We will then simply write A for the Rg Banach bundle (A,σ), and G for the Real
groupoid (G, τ).
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2. THE GRADED BRAUER GROUP OF A REAL GROUPOID
The graded Brauer group of a locally compact groupoid G was defined in [29] as the set
of Morita equivalence classes of graded complex Dixmier-Douady bundles over G, generalis-
ing [17]. Our purpose in this section is to define a new Brauer group which is relevant to the
category of (locally compact second-countable Hausdorff) Real groupoids.
Definition 2.1. Let G // // X be a Real groupoid with involution τ. Let p : A −→ X be a
(LTCR) Rg u.s.c. Banach bundle. A Real G-action by isomorphisms α on A is a collection
(αg)g∈G of graded isomorphisms (resp. ∗-isomorphisms) αg : As(g) −→ Ar(g) such that
(a) g · a := αg(a) makes (A,σ) into a (left) Real G-space with respect to p;
(b) the induced anti-linear graded isomorphisms τx : Ax −→ Ax¯ verify τr(g) ◦ αg =
αg¯ ◦ τs(g) : As(g)
∼=
−→ Ar(g), for every g ∈ G;
(c) αgg ′ = αg ◦ αg ′ for all (g, g ′) ∈ G(2).
We say that (A,α) is a Rg u.s.c. Banach G–bundle. If the field A˜ =
∐
XAx −→ X is
continuous, then (A,α) is called a Rg Banach G-bundle.
One also defines Rg u.s.c. C∗–G-bundles, and Rg u.s.c. Hilbert bundles. In the case of C∗–
G-bundles, the isomorphismsαg are required to be ∗-isomorphisms, while in the case of Hilbert
G-bundles, they are required to be isometries.
Definition 2.2. A morphism of Rg Banach G-bundles (resp. C∗–G-bundles) (A,α) −→ (B,β)
is a morphism Φ : A −→ B of Rg Banach bundles (resp. C∗-bundles) which is G-equivariant;
i.e., Φr(g) ◦ αg = βg ◦Φs(g) for all g ∈ G.
Notice that if (A,α) is Rg Banach G-bundle, then αx = IdAx for all x ∈ X. Indeed, for every
x ∈ X, αx : Ax −→ Ax is a graded automorphism, and αx = αx·x = αx ◦ αx. In particular, if
we put x = gg−1 ∈ X for g ∈ G, we obtain αgg−1 = αg ◦ αg−1 = Id and then αg−1 = α−1g for
every g ∈ G.
Definition 2.3. A Rg D-D (Dixmier-Douady) bundle over (G, τ) is a Rg C∗–G-bundle (A,α)
such that A −→ X is a Rg elementary C∗-bundle that satisfies Fell’s condition. We denote by
B̂rR(G) the collection all Rg D-D bundles over G.
Suppose α is a Rg G-action by isomorphisms on the Rg C∗–G-bundle A. Consider the Rg
C∗-algebra A = C0(X;A). Then α induces a Rg C0(G)–linear isomorphism α : s∗A −→ r∗A
defined by α(f)(g) := αg(f(g)) for f ∈ s∗A and g ∈ G.
Example 2.4. LetX×C be endowed with the Real structure (x, t) := (τ(x), t¯), and the G-action
by automorphisms g · (s(g), t) := (r(g), t). Then with respect to the projection X× C −→ X,
X× C is a Rg D-D bundle over G //// X .
Example 2.5. Let µ = {µx}x∈X be a Real Haar system on G // // X . Let the graded Hilbert
space Hˆ = l2(N) ⊕ l2(N) be equipped with a fixed Real structure of type JR,0 (see Appendix
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A). For x ∈ X, we put Ĥp,x := L2(Gx)⊗ˆHˆ, together with the scalar product 〈〈· , ·〉〉(x) given by
〈〈ξ , η〉〉(x) :=
∫
Gx
〈ξ(g), η(g)〉Cdµ
x
G(g), for ξ, η ∈ L
2(Gx; Hˆ) ∼= L2(Gx)⊗ˆHˆ. (3)
Let HˆG :=
∐
x∈X Hˆx be equipped with the action g · (s(g),ϕ⊗ˆξ) := (r(g), (ϕ◦g−1)⊗ˆξ) ∈
Ĥr(g). Define the Real structure on ĤG by (x,ϕ⊗ˆξ) 7−→ (τ(x), τ(ϕ)⊗ˆJR,0(ξ)). Then one
shows that there exists a unique topology on HˆG such that the canonical projection ĤG −→ G(0)
defines a locally trivial Rg Hilbert G-bundle.
Now, let K̂x := K(Ĥx) be equipped with the operator norm topology, and put
K̂G :=
∐
x∈X
K̂x
together with the Real structure given by (x, T) := (x¯, T¯), where T¯ ∈ K̂x¯ is defined by
T¯(ϕ⊗ˆξ) := T(τ(ϕ)⊗ˆAdJR,0(ξ)) for all ϕ⊗ˆξ ∈ Ĥx¯. Next, define the Real G-action θ on
K̂G by
θg(s(g), T) := (r(g), gTg
−1).
We then have a Rg D-D bundle (K̂G, θ) over G given by the canonical projection
K̂G −→ X, (x, T) 7−→ x.
Remark 2.6. The construction of the Rg D-D bundle K̂G in Example 2.5 may be used in a
straightforward way to obtain a Rg D-D bundle K(Hˆ ) out of any Rg Hilbert bundle G-bundle
Hˆ .
Let G // // X and Γ // // Y be Real groupoids and let
Z
r

s
// X
Y
be a generalised Real homomorphism [20]. Let p : A −→ X is a Rg (u.s.c.) Banach bundle.
Then s∗A = Z×s,X,p A is a principal (right) G-space with respect to the operation:
(z,a) · g := (zg,α−1g (a))
for r(g) = z. It is obviously a Real space with respect to the involution (z,a) := (z¯, a¯). Next,
define AZ to be the quotient space s∗A/G together with the induced Real structure
[z,a] := [(z,a)],
where we use the notation [z,a] for the orbit of (z,a) inAZ. Consider the continuous surjective
map r ◦ pr1 : s∗A −→ Y, (z,a) 7−→ r(z), where, as usual, pr1 denotes the first projection.
Since r(zg) = r(z) for (z, g) ∈ Z×s,X,rG (see for instance [20, Definition 1.17]), we get a well
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defined continuous surjection pZ : AZ −→ Y given by pZ([z,a]) := r(z). Furthermore, since r
is Real, one has
pZ([z,a]) = pZ([z¯, a¯]) = r(z¯) = r(z) = pZ([z,a]).
Thus, pZ : AZ −→ Y is a continuous Real surjection. Moreover, it is not hard to check that
pZ : AZ −→ Γ (0) is open and the map a 7−→ [z,a] defines a graded isomorphism from As(z)
onto AZr(z) (see [17, p.14]).
Proposition 2.7. . Let G //// X and Γ //// Y be Real groupoids. Suppose thatZ : Γ −→ G
is a generalised Real homomorphism and that (A,α) is a Rg Banach G-bundle. Then, with the
constructions above, pZ : AZ −→ Y is a Rg Banach bundle. Furthermore,
αZγ[z,a] := [γ · z,a], for r(z) = s(γ), (4)
defines a Real left Γ -action on AZ making (AZ,αZ) into a Rg Banach Γ -bundle called the
pull-back of (A,α) along Z.
In particular, if (A,α) ∈ B̂rR(G), then (AZ,αZ) ∈ B̂rR(Γ).
The proof of this proposition is almost the same as that of [17, Proposition 2.15], so we omit
it.
Corollary 2.8. Let G // // X and Γ //// Y be Real groupoids. Suppose that Z : G −→ Γ
is a Real Morita equivalence. Then the map ΦZ : B̂rR(G) −→ B̂rR(Γ) given by
ΦZ(A,α) := (AZ,αZ) (5)
is a bijection.
The following construction is slightly modified from [17, p.20].
Definition 2.9. Let (A,α) be a Rg (u.s.c.) Banach G-bundle. Define the conjugate bundle
(A, α¯) of (A,α) as follows. Let A be the topological Real space A and let ♭ : A −→ A be the
identity map. Then p : A −→ X defined by p¯(♭(a)) = ♭(p(a)) is a Rg (u.s.c.) Banach bundle
with fibre Ax identified with the conjugate graded Banach algebra of Ax (the grading is Aix =
Aix, i = 0, 1). Furthermore, endowed with the Real G-action by automorphisms α¯g(♭(a)) :=
♭(αg(a)) for g ∈ G,a ∈ As(g), A −→ X becomes a Rg (u.s.c.) Banach G-bundle. If (A,α) ∈
B̂rR(G), then (A, α¯) ∈ B̂rR(G).
Definition 2.10. Let G //// X be a Real groupoid. Two elements (A,α) and (B,β) in
B̂rR(G) are Morita equivalent if there is a Rg A–B-imprimitivity bimodule E −→ X which
admits a Real G-action V by isomorphisms such that
As(g)〈Vg(ξ),Vg(η)〉 = αg(As(g)〈ξ, η〉); and
〈Vg(ξ),Vg(η)〉Bs(g) = βg(〈ξ, η〉Bs(g))
(6)
for all g ∈ G, and ξ, η ∈ Es(g). In this case we write (A,α) ∼(E,V) (B,β).
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Example 2.11. Suppose that Φ : (A,α) −→ (B,β) is an isomorphism of Rg D-D bundles over
G
//
// X . Then (A,α) ∼(B,β) (B,β).
Lemma 2.12. Morita equivalence of Rg DD-bundles over G //// X is an equivalence rela-
tion in B̂rR(G).
Proof. The proof can almost be copied from that of Lemma 3.2 in [17]. 
We are now ready to define the Real graded Brauer group.
Definition 2.13. Let G //// X be a Real groupoid. The Real graded Brauer group of G
B̂rR(G) is defined as the set of Morita equivalence classes of Rg D-D bundles over G. The class
of (A,α) in B̂rR(G) is denoted by [A,α].
Example 2.14. Let G be the one point set {∗} together with the trivial involution. Then, every
Rg DD-bundle over {∗} is trivial; i.e. it is given by a Rg elementary C∗-algebra K̂p. We thus
recover the Real graded Brauer group of the point B̂rR(∗) ∼= Z8 described in Appendix A.5.
Let (A,α) and (B,β) be Rg DD-bundles. We have defined, in the previous section, the
tensor product A⊗ˆXB which is a Rg C∗-bundle over X. We want to equip this bundle with a
Real G-action α⊗ˆβ such that (A⊗ˆXB,α⊗ˆβ) ∈ B̂rR(G). We define α⊗ˆβ as follows. For all
g ∈ G, we put αg⊗ˆβg : As(g)⊗ˆBs(g) −→ Ar(g)⊗ˆBr(g), a⊗ˆb 7−→ αg(a)⊗ˆβg(b). Note that
from the definition of a Real G-action on a Rg C∗-bundle, αg⊗ˆβg is a graded ∗-isomorphism
that clearly verifies conditions (b) and (c) of Definition 2.1. Therefore, the same arguments used
in [17, pp.18-19] can be used here to show that α⊗ˆβ is continuous; thus, its restriction α⊗ˆβ on
the closed subset A⊗ˆXB of A⊗ˆB defines a Real G-action. Furthermore, this operation is easily
seen to be Morita equivalence preserving.
Proposition 2.15. Let G //// X be a Real groupoid. Then B̂rR(G) is an abelian group with
respect to the operations
[A,α] + [B,β] := [A⊗ˆXB,α⊗ˆβ]. (7)
The identity of B̂rR(G) is given by the class 0 := [X×C, τ×bar] of the Rg D-D bundle defined
in Example 2.4. The inverse of [A,α] is [A, α¯].
Proof. See Proposition 3.6 and Theorem 3.7 in [17]. 
For the sake of simplicity we will often use the following notations.
Notations 2.16. We will abusively write A for the class [A,α] in B̂rR(G); we will also leave
out the actions when we are working in the group B̂rR(G): for instance we will write A + B
instead of [A,α] + [B,β].
Lemma 2.17. Let (A,α) ∈ B̂rR(G) and let (K̂G, θ) be the Rg D-D bundle defined in Exam-
ple 2.5. Then A+ K̂G = A in B̂rR(G).
12 EL-KA¨IOUM M. MOUTUOU
Proof. Recall that the Real G-action θ is given by AdΘ, where Θ is the Real G-action on the
Rg Hilbert G-bundle HˆG −→ X (see Example 2.5); i.e. θg(T) = ΘgTΘ−1g . The Rg Banach
G-bundle (A⊗ˆXAˆ,α⊗ˆΘ) provides a Morita equivalence
(A⊗ˆXK̂G,α⊗ˆθ) ∼ (A,α)
in B̂rR(G) with respect to the point-wise actions and inner-product given by:
(a⊙ˆT) · (b⊗ˆξ) := (−1)∂T ·∂bab⊙ˆTξ, and
Ax⊗ˆK̂x
〈b⊙ˆξ,d⊙ˆη〉 := (−1)∂ξ∂dbd∗⊙ˆTξ,η;
(b⊙ˆξ) · c := bc⊙ˆξ, and
〈b⊙ˆξ,d⊙ˆη〉Ax := 〈〈ξ , η¯〉〉(x) · b
∗d,
for x ∈ X, a⊙ˆT ∈ Ax⊗ˆK̂x,b⊙ˆξ,d⊙ˆη ∈ Ax⊗ˆHˆx, and c ∈ Ax. 
Lemma 2.18. Let G // // X be a Real groupoid and (A,α) ∈ B̂rR(G). Then A = 0 in
B̂rR(G) if and only if there exists a Rg Hilbert G-bundle (Hˆ ,U) such that (A,α) ∼= (K(Hˆ ),AdU)
in B̂rR(G).
Proof. If (E,V) is a Morita equivalence between (A,α) and the trivial bundle X×C, then each
fibre Ex is a graded Hilbert space; and since Ex is a full graded HilbertAx-module and since E is
a Rg Morita equivalence, there is an isomorphism of graded C∗-algebras ϕx : Ax −→ K(Ex)
such that ϕx(Ax〈ξ, η〉) = Tξ,η, for all ξ, η ∈ Ex, and ϕx¯(a) = ϕx(a¯) for all a ∈ Ax.
Moreover, in view of relations (6), we have
ϕr(g)(αg(As(g)〈ξ, η〉)) = ϕr(g)(Ar(g)〈Vg(ξ),Vg(η)〉) = TVgξ,Vgη = AdVg(Tξ,η),
for every γ ∈ G and ξ, η ∈ As(g). It follows that the family (ϕx)x∈X is an isomorphism of Real
graded D-D bundles ϕ : (A,α) −→ (K(E),AdV).
Conversely, using the same operations as in the proof of Lemma 2.17, the Rg Hilbert G-
bundle (Hˆ ,U) defines a Morita equivalence of Rg D-D bundles between (K(Hˆ ),AdU) and
the trivial one X× C −→ X. 
From this lemma we deduce the following characterisation of Morita equivalent Rg D-D
bundles.
Corollary 2.19. Let (A,α) and (B,β) ∈ B̂rR(G). Then A = B in B̂rR(G) if and only if there
exists a Rg Hilbert G-bundle (Hˆ ,U) such that (A⊗ˆXB,α⊗ˆβ¯) ∼= (K(Hˆ ),AdU) in B̂rR(G).
3. COMPLEX AND ORTHOGONAL BRAUER GROUPS
The aim of this section is to compare the group B̂rR(G) of a Real groupoid G //// X we
defined in the previous section with the well-known graded complex and Brauer group B̂r(G)
of the groupoid G (see [8, 10, 22, 29]), as well as with a generalisation of Donovan-Karoubi’s
graded orthogonal Brauer group B̂rO(X) [8] mentioned in the introduction.
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Recall again that the graded complex Brauer group B̂r(G) is defined as the set of Morita
equivalence classes of graded complex D-D bundles 1 over the groupoid G. Moreover, there is
an interpretation of B̂r(G) in terms of ˇCech cohomology classes. More precisely, there is an
isomorphism
B̂r(G) ∼= Hˇ0(G•,Z2)⊕
(
Hˇ1(G•,Z2)⋉ Hˇ
2(G•, S
1)
)
. (8)
For topological spaces, this group was denoted by GBr∞(X) in Parker’s paper [22] and classifies
countinuous-trace separable C∗-algebras with spectrum X.
In order to define twisted K-theory, Donovan and Karoubi defined in their founding paper [8]
two groups GBrU(X) and GBrO(X) respectively called the graded unitary Brauer group and
the graded orthogonal Brauer group of the space X. The former is just the finite-dimensional
version of GBr∞(X), while the latter is the set of equivalence classes of graded real simple
algebra bundles. They proved that
GBrOX ∼= Hˇ0(X,Z8)⊕
(
Hˇ1(X,Z2)⋉ Hˇ
2(X,Z2)
)
. (9)
We will define an infinite-dimensional analogue of GBrO(X) for groupoids, and show later an
isomorphism analogous to (9).
We first give the following few results.
Proposition 3.1. Suppose that G //// X is a Real groupoid which can be written as the
disjoint union of two groupoids G1 // // X1 and G2 //// X2 such that τ(g1) ∈ G2, τ(g2) ∈
G1, ∀g1 ∈ G1, g2 ∈ G2. Then
B̂rR(G) ∼= B̂r(G1) ∼= B̂r(G2).
Proof. Observe first that τ induces an isomorphism G1 ∼= G2, so that B̂r(G1) ∼= B̂r(G2).
Let (A,α) ∈ B̂rR(G). Then A = A1 ⊕ A2, where A1 −→ X1 and A2 −→ X2 are graded
complex elementary C∗-bundles. It is clear that the graded G-action α on A induces a Gi-action
αi on Ai, i = 1, 2, making (Ai,αi) into a graded complex D-D bundle over Gi. However, since
the projection p : A → X1 ⊔ X2 intertwines the Real structure of A and that of X, we have
a¯1 ∈ A2 and a¯2 ∈ A1 for all a1 ∈ A1,a2 ∈ A2. Indeed, over all x ∈ X1, the involution induces
the conjugate linear isomorphism
τx : Ax = (A1)x −→ Ax¯ = (A2)x¯.
It turns out that the Real structure ofA induces an isomorphism of graded complex D-D bundles
τ : (A2,α2)
∼=
−→ (A1,α1)
over the groupoid G2. In fact (A, α¯) is isomorphic to the Rg D-D bundle (A ′,α ′) = (τ∗A, τ∗α);
i.e. (A ′,α ′) is such that
1Elements of B̂r(G) are defined in the same way as that of B̂rR(G) except that no Real structures are involved
14 EL-KA¨IOUM M. MOUTUOU


A ′x = (A2)x¯, if x ∈ X1;
A ′x = (A1)x¯, if x ∈ X2;
α ′g1 = αg¯1 : (A2)s(g¯1) −→ (A2)r(g¯1), g1 ∈ G1;
α ′g2 = αg¯2 : (A1)s(g¯2) −→ (A1)r(g¯2), g2 ∈ G2.
(10)
In fact, the same is true for every Rg Banach bundle over G. Now define the map
Φ12 : B̂rR(G) −→ B̂r(G1)
[A,α] 7−→ [A1,α1],
Φ12 is well-defined since if (A,α) ∼(E,V) (B,β) in B̂rR(G), then the restriction (E1,V1)
of (E,V) over G1 induces a Morita equivalence of graded complex D-D bundles (A1,α1) ∼
(B1,β1) overG1. Moreover from the identifications (10) we see thatΦ12(−[A,α]) = −Φ([A,α]).
Furthermore, we have clearly (A⊗ˆXB)i = Ai⊗ˆXiBi for i = 1, 2, and that the involution in-
duces an isomorphism of graded complex D-D bundles A2⊗ˆX2B2
∼=
−→ A1⊗ˆX1B1 = A1⊗ˆX2B1
over G2
//
// X2 , which shows Φ12 is a group homomorphism.
Conversely, if (A1,α1) is a graded complex D-D bundle over G1, we define the Real graded
D-D bundle (A,α) over G by setting A := A1 ⊕ τ∗|X2A1, and α := α1 ⊕ τ
∗
|G2
α1; then we define
Φ ′12 : B̂r(G1) −→ B̂rR(G)
[A1,α1] 7−→ [A1 ⊕ τ
∗
|X2
A1,α1 ⊕ τ
∗
|G2
α1].
It is straightforward that Φ12 and Φ ′12 are inverse of each other. 
Corollary 3.2. Let G //// X be a groupoid. Let the product groupoid G× S0,1 //// X× S0,1
be equipped with the Real structure (g,±1) 7−→ (g,∓1). Then
B̂rR(G× S0,1) ∼= B̂r(G).
Proof. Apply Proposition 3.1 to G = (G× {+1}) ⊔ (G× {−1}). 
Example 3.3. The groupoid S0,1 //// S0,1 identifies with {pt} × {±1}. Thus from Corol-
lary 3.2 we get
B̂rR(S0,1) ∼= B̂r({pt}) ∼= Z2.
Definition 3.4. Let G // // X be a groupoid. A graded real 2 D-D bundle (A,α) over G
consists of a locally trivial C∗-bundle p : A −→ X, a family of isomorphisms of graded R-C∗-
algebras αg : As(g) −→ Ar(g), such that
(a) the operation g · a := αg(a) makes A into a G-space with respect to the projection p;
(b) αgh = αg ◦ αh, ∀(g,h) ∈ G(2);
2Here ”real” with a lower-case ”r” is to emphasise that the fibres of A are R-C∗-algebras.
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(c) the complexification (AC,αC) of (A,α) defines an element of the collection B̂r(G) of
graded complex D-D bundles over G, where AC := A ⊗R C −→ X is the bundle with
fibre (AC)x := Ax ⊗R C, and for g ∈ G, (αC)g := α⊗ IdC.
Definition 3.5. Let G // // X be a groupoid. The graded orthogonal Brauer group B̂rO(G)
of G is defined to be the set or Morita equivalence classes of graded real D-D bundles over G,
where two such bundles (A,α) and (B,β) are said to be Morita equivalent if and only if their
complexifications (AC,αC) and (BC,βC) are Morita equivalent in B̂r(G).
We will use the same notations in B̂r(G) and B̂rO(G) as in Notations 2.16.
Theorem 3.6. Let G //// X be a Real groupoid.
(1) If the Real structure τ is fixed point free, then we have an isomorphism
B̂r(G)⊗ Z[1/2] ∼= (B̂rR(G)⊕ B̂r(G/τ))⊗ Z[1/2], (11)
where G/τ is the groupoid G/τ // // X/τ obtained from G //// X by identifying
every point g ∈ G with its image by τ.
(2) It τ is trivial, then every element A ∈ B̂rR(G) is a 2-torsion; i.e.
2A = 0.
Furthermore, B̂rR(G) ∼= B̂rO(G). In particular, B̂rO(G) is an abelian group under the obvious
operations, the zero element being given by the trivial bundle X × R −→ X with the G-action
g · (s(g), t) := (r(g), t).
We shall mention that property 2 was already proved by D. Saltman in the special case of
Azumaya algebras with involution (see [27, Theorem 4.4 (a)]). Our result extends his work to
infinite-dimensional Real bundles of algebras.
To prove Theorem 3.6 we need the
Lemma 3.7. Let (G, τ) be a Real groupoid. Then the assignment (A,α) 7−→ (τ∗A, τ∗α)
defines a group involution
τˆ : B̂r(G) −→ B̂r(G)
A 7−→ −τ∗A
such that the Real part B̂r(G)τ is isomorphic to B̂rR(G) after tensoring with Q; more precisely,
B̂r(G)τ ⊗ Z[
1
2
] ∼= B̂rR(G)⊗ Z[
1
2
].
Proof. That τˆ is a group homomorphism follows from the functorial property of the abelian
group B̂r(G) with respect to G shown in [17]. Now let
ΦC : B̂rR(G) −→ B̂r(G),A 7−→ A
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be the map consisting of ”forgetting the Real structures”, and let
ΦR : B̂r(G) −→ B̂rR(G)
A 7−→ A+ τˆ(A)
That ΦC is a well-defined group homomorphism is clear.
To prove thatΦR is well defined, we shall first verify that (A⊗ˆXτ∗A,α⊗ˆτ∗α) ∈ B̂rR(G) for
all (A,α) ∈ B̂r(G). Let σ = (σx)x be the family of conjugate-linear isomorphisms of graded
complex C∗-algebras σx : Ax⊗ˆAx¯ −→ Ax¯⊗ˆAx given on homogeneous tensors by
σx(a⊙ˆ♭(b)) := (−1)
∂a·∂b(b⊙ˆ♭(a)). (12)
Then σ is a Real structure on the bundle A⊗ˆXτ∗A −→ X, and it is a matter of simple verifi-
cations to see that conditions (a)-(c) in Definition 2.1 are satisfied when (A⊗ˆXτ∗A,α⊗ˆτ∗α) is
equipped with the involution σ.
Suppose further that (A,α) ∼(E,V) (B,β) in B̂r(G). By using the same reasoning we used
above for graded complex D-D bundles, one verifies that the graded complex Banach G-bundle
(E⊗ˆXτ∗E,V⊗ˆτ∗V) admits a Real structure σE making it into a Rg Banach G-bundle. Further-
more, this bundle implements a Morita equivalence (A⊗ˆXτ∗A,α⊗ˆτ∗α) ∼ (B⊗ˆXτ∗B,β⊗ˆτ∗β)
in B̂r(G). Moreover, since by definition
Ax⊗ˆAx¯
〈ξ⊙ˆ♭(η), ξ ′⊙ˆ♭(η ′)〉 = Ax〈ξ, ξ
′〉⊙ˆAx¯〈♭(η), ♭(η
′)〉, and 〈ξ⊙ˆ♭(η), ξ ′⊙ˆ♭(η ′)〉Bx⊗ˆBx¯
for every x ∈ X, ξ, ξ ′, η, η ′ ∈ Ex, we see that the inner products A⊗ˆXτ∗A〈·, ·〉 and 〈·, ·〉B⊗ˆXτ∗B
of E⊗ˆXτ∗E intertwine the Real structures; hence we have a Morita equivalence
(A⊗ˆXτ∗A,α⊗ˆτ∗α) ∼(E⊗ˆXτ∗E,V⊗ˆτ∗V) (B⊗ˆXτ
∗B,β⊗ˆτ∗β)
in B̂rR(G), so that ΦR is well defined.
ΦR is a group homomorphism since B̂r(G) is an abelian group and since τˆ is linear; i.e. for
every A,B ∈ B̂r(G),
(A+ τˆ(A)) + (B+ τˆ(B)) = (A+ B) + τˆ(A+B).
Let us verify that up to inverting 2, Φ ′R and ΦC are inverse of each other, where Φ ′R is the
restriction of ΦR on the fixed points B̂r(G)R of τˆ. First observe that if (A,α) ∈ B̂rR(G), then
the Real structure of A induces an isomorphism (A,α) ∼= (τ∗A, τ∗α) in B̂r(G). Thus, for
A ∈ B̂rR(G), we get (ΦR ◦ ΦC)(A) = 2A. Suppose now that A ∈ B̂r(G)R. Then (ΦC ◦
Φ ′R)(A) = ΦC(2A) = 2A, which completes the proof. 
Remark 3.8. It is straightforward, by using Lemma 3.7, that one has a similar characterisation
for graded complex D-D bundles as that of Corollary 2.19.
Proof of Theorem 3.6. 1. It suffices to show that the imaginary part IB̂r(G) with respect to
the involution τˆ : B̂r(G) −→ B̂r(G) of Lemma 3.7 (i.e., the set of all A ∈ B̂r(G) such that
τˆ(A) = −A) is isomorphic to B̂r(G/τ) (after inverting 2), and then we will apply [20, Lemma
1.4].
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Assume (A,α) ∈ B̂rR(G) is such that τˆ(A) = −A. Then thanks to Corollary 2.19, there
exists a Rg Hilbert G-bundle (Hˆ ,U) and an isomorphism of Rg D-D bundles
(τ∗A⊗ˆXK(Hˆ ), τ∗α⊗ˆAdU)
∼=
−→ (A⊗ˆXK(Hˆ ), α¯⊗ˆAdU). (13)
We then obtain a Rg D-D bundle (A/τ,ατ) over G/τ // // X/τ by setting
A/τ := A⊗ˆXK(Hˆ )⊗ˆXK(τ
∗
Hˆ ), and ατ := α⊗ˆAdU⊗ˆAdτ∗U), (14)
with projection pτ : A/τ −→ X/τ given by
pτ(a⊙ˆT⊙ˆT
′) = p(a), for a⊙ˆT⊙ˆT ′ ∈ Ax⊗ˆK(Hˆx)⊗ˆK(Hˆx¯).
Next define the map
Ψτ :
IB̂rR(G) −→ B̂r(G/τ)
A 7−→ A/τ.
This definition does not depend on the choice of (Hˆ ,U), for if (Hˆ ′,U ′) is another Rg Hilbert
G-bundle such that (τ∗A⊗ˆXK(Hˆ ′), τ∗α⊗ˆAdU ′) ∼= (A⊗ˆXK(Hˆ ′),α⊗ˆAdU ′), then putting
A ′/τ := A⊗ˆXK(Hˆ
′)⊗ˆXK(τ
∗
Hˆ
′),
we get
A/τ⊗ˆX/τA
′/τ ∼= A⊗ˆXA⊗ˆX⊗ˆK(Hˆ ⊗ˆXτ
∗Hˆ ⊗ˆXHˆ ′⊗ˆXτ∗Hˆ ′)
∼= K(Hˆ ⊗ˆXHˆ ⊗ˆXτ
∗Hˆ ⊗ˆXHˆ ′⊗ˆXτ∗Hˆ ′).
Moreover, K(Hˆ ⊗ˆXHˆ ⊗ˆXτ∗Hˆ ⊗ˆXHˆ ′⊗ˆXτ∗Hˆ ′ defines a graded Hilbert G/τ-bundle. Hence,
by Corollary 2.19 and Remark 3.8 we see that A/τ = A ′/τ in B̂r(G/τ). Ψτ is a group homo-
morphism by commutativity of the graded tensor product.
Conversely, denote by πτ : G −→ G/τ the canonical projection. Then the pull-back of a
graded complex D-D bundle (A,α) ∈ B̂r(G/τ) is a graded complex D-D bundle (A ′,α ′) :=
(π∗τA,π
∗
τα) ∈ B̂r(G) which clearly verifies (τ∗A ′, τ∗α ′) ∼= (A ′,α ′) in B̂r(G) (this is because
for all x ∈ X we have A ′x = A ′x¯); so τˆ(A ′) = −A ′ and A ′ ∈ IB̂r(G). Thus the pull-back map
π∗τ induces a group homomorphism
π∗τ : B̂r(G/τ) −→ IB̂r(G)
A 7−→ A ′ := π∗τA.
Now, for all A ∈ B̂r(G/τ) we have (π∗τA)/τ = A since τ∗π∗τA = π∗τA and so that a
graded Hilbert G-bundle Hˆ such that relation (13) holds for the graded complex D-D bun-
dle (π∗τA,π∗τα) is the trivial one X×C −→ X. This shows that Ψτ ◦π∗τ = Id. Also, one clearly
has π∗τ ◦ Ψτ = Id, which gives the isomorphism IB̂r(G) ∼= B̂r(G/τ). From Lemma 3.7, we
obtain the desired isomorphism (11).
2. We always have A + A = 0 in B̂rR(G) for all (A,α) ∈ B̂rR(G). Moreover, we have
already seen in the end of the proof of Lemma 3.7 that the Real structure of A induces an
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isomorphism of Rg D-D bundles (A,α) ∼= (τ∗A, τ∗α). In particular, if τ : G −→ G is trivial,
we have (A,α) ∼= (A, α¯); hence A = −A in B̂rR(G).
Furthermore, τ being trivial, each fibre of A is in fact a Rg elementary C∗-algebra, and then
the complexification of a graded real elementaryC∗-algebra. (A,α) is then the complexification
of a graded real D-D bundle over G. Conversely, every complexification (AC,αC) of a graded
real D-D bundle (A,α) over G is a Rg D-D bundle whose Real structure is carried out by C; i.e.
a⊗R λ := a⊗R λ¯ for a⊗Rλ ∈ Ax⊗RC. This process is easily seen to provide an isomorphism
B̂rR(G) ∼= B̂rO(G). 
Observe that any Rg D-D bundle (A,α) can also be considered as a graded real D-D bun-
dle (Areal,αreal) by forgetting the complex structure of the fibres. Moreover, the conjugate
bundle of real C∗-algebras (Areal,αreal) identifies to itself. Hence, if the involution τ of G is
fixed point free, we have τ∗Areal = τ∗Areal ∼= Areal, which means that (Areal,αreal) is a
bundle of graded real elementary C∗-algebras over the quotient groupoid G/τ //// X/τ . We
therefore have the
Proposition 3.9. Suppose G // // X is endowed with a fixed point free involution τ. Then
there is a group homomorphism
Ψreal : B̂rR(G) −→ B̂rO(G/τ)
obtained by ”forgetting the complex structures” of Rg graded D-D bundles over G.
Remark 3.10. Beware that Ψreal is not injective; indeed Ψreal(A) = Ψreal(A) for all A ∈
B̂rR(G), while in general A 6= A in B̂rR(G).
4. ELEMENTARY INVOLUTIVE TRIPLES AND TYPES OF RG D-D BUNDLES
In this section we define the type of a Rg D-D bundle over a Real groupoid. We start by
introducing few notions.
Definition 4.1. An elementary involutive triple (Kˆ, Kˆ−, t) consists of a graded elementary C∗-
algebra Kˆ, a graded C∗-algebra Kˆ− isomorphic to the conjugate C∗-algebra of Kˆ, and a conju-
gate linear isomorphism t : Kˆ −→ Kˆ− of graded C∗-algebra. Such triple will be represented
by the map t. Denote by Kˆ the collection of all elementary involutive triples.
A morphism from t to t ′ is the data of homomorphisms of graded C∗-algebras ϕ : Kˆ −→ Kˆ ′,
and ϕ− : Kˆ− −→ Kˆ ′− such that the following diagram commutes
Kˆ
t

ϕ
// Kˆ ′
t
′

Kˆ−
ϕ−
// Kˆ ′−
(15)
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Finally, we define the sum in Kˆ by:
t+ t ′ := (Kˆ⊗ˆKˆ ′, Kˆ−⊗ˆKˆ ′−, t⊗ˆt ′).
Example 4.2. The Real structure ”bar” of K̂0 induces an isomorphism of K̂0 into its conjugate
algebra. We then have an elementary involutive triple t0 = (K̂0, K̂0,bar).
Definition and Lemma 4.3. Two elements t, t ′ ∈ Kˆ are said to be stably isomorphic if and only
if t + t0 is isomorphic to t ′ + t0; in this case, we write t ∼=s t ′. The set of stable isomorphism
classes of elements of Kˆ forms an abelian group InvKˆ under the sum defined above. The inverse
of t in InvKˆ is the stable isomorphisms class of
−t := (Kˆ−, Kˆ, t−1).
The class of t in InvKˆ will also be denoted by t.
Proof. It is straightforward that t+ t ′ = t ′ + t in InvKˆ. Moreover, we have
t− t = (Kˆ⊗ˆKˆ−, Kˆ−⊗ˆKˆ, t⊗ˆt−1) ∼= (Kˆ⊗ˆKˆ−, Kˆ⊗ˆKˆ−, t ′),
via the isomorphism (Id
Kˆ⊗ˆKˆ−
,ϕ ′), where ϕ ′ : Kˆ−⊗ˆKˆ −→ Kˆ⊗ˆKˆ− is the canonical isomor-
phism ϕ ′(T⊗ˆT ′) := (−1)∂T∂T ′T ′⊗ˆT , and t ′ := ϕ ′ ◦ (t⊗ˆt−1). Thus, t− t ∼=s t0. 
We can recover the group B̂rR(∗) from InvKˆ. More precisely, suppose t = −t, and
(ϕ,ϕ ′) : (Kˆ⊗ˆK̂0, Kˆ
−⊗ˆK̂0, t⊗ˆbar) −→ (Kˆ
−⊗ˆK̂0, Kˆ⊗ˆK̂0, t
−1⊗ˆbar)
is an isomorphism. Then, ϕ ′ ◦ (t⊗ˆbar) = (t−1⊗ˆbar) ◦ ϕ is a Real structure on the graded
elementary C∗-algebra Kˆ⊗ˆK(Hˆ). Moreover, if (ϕ0,ϕ ′0) is another isomorphism, it is easy to
check that ϕ ′ ◦ (t⊗ˆbar) and ϕ ′0 ◦ (t⊗ˆbar) are conjugate, hence define the same element of
B̂rR(∗). Conversely, any Real graded elementary C∗-algebra is obviously a 2-torsion of InvKˆ.
We then have proved the following
Lemma 4.4. The group B̂rR(∗) is isomorphic to the subgroup of InvKˆ of elements of order 2.
Now let us return to the study of Rg D-D bundles over Real groupoids.
Proposition 4.5. Let (A,α) ∈ B̂rR(G). Then each fiber Ax gives rise to an element tAx ∈
InvKˆ, and the family tA := (tAx )x∈X defines a cohomology class in HˇR0(G•, InvKˆ). This process
defines a group homomorphism
t : B̂rR(G) −→ HˇR0(G•, InvKˆ),
which is surjective.
Proof. Denote by σ the Real structure of A. Over all x ∈ X, there is a conjugate linear iso-
morphism of graded C∗-algebras σx : Ax −→ Ax¯. Then the graded elementary (complex)
C∗-algebras Ax and Ax¯ are of the same parity. Let (U,ϕ) be a local trivialisation of the graded
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elementary complex C∗-bundle A such that U = (Ui) is a Real open cover of X. Then the iso-
morphisms ϕi : Ui× Kˆi −→ A|Ui induces a family of graded isomorphisms ϕx : Kˆx −→ Ax.
Then tx := (Kˆx, Kˆx¯, tx), where tx := ϕx¯ ◦ τx ◦ϕx, is an element of InvKˆ, and the assignment
X ∋ x 7−→ tx ∈ InvKˆ is a locally constant G-invariant Real function. Indeed, the G-invariance
(i.e. tr(g) = ts(g) in InvKˆ for all g ∈ G) comes from the commutative diagram
Kˆs(g)
ϕs(g)
//
ts(g)

As(g)
αg
//
σs(g)

Ar(g)
ϕ−1
r(g)
//
σr(g)

Kˆr(g)
tr(g)

Kˆs(g¯)
ϕs(g¯)
// As(g¯)
αg¯
// Ag¯
ϕr(g¯)
// Kˆr(g¯)
Moreover, since σ is a continuous function, tA : X ∋ x 7−→ tx ∈ InvKˆ is locally constant.
Hence tA ∈ HˇR0(G•, InvKˆ).
That tA¯ = −tA and tA+B = tA+tB is clear from the definition of the sum and the inverse in
InvKˆ, and from the definition of the conjugate bundle and the tensor product of Rg D-D bundles.
Observe that from the construction of K̂G, tK̂G = t0 = 0 since K̂G ∼=
∐
x∈XK(L
2(Gx)) ⊗ K̂0
with involution given by K̂x ∋ ϕ ⊗ T 7−→ τ(ϕ) ⊗ AdJ0,R(T) ∈ K̂x¯. Thus, if A = B in
B̂rR(G), we have (thanks to Lemma 2.17 and Lemma 2.19) A+ B¯+ K̂G = K(HˆG⊗ˆXHˆ ) = 0;
hence tA−B = tA − tB = 0, which shows that t : B̂rR(G) −→ HˇR0(G•, InvKˆ) is a group
homomorphism. It is surjective since for all t ∈ HˇR0(G•, InvKˆ),
K̂G,t :=
∐
x∈X
K̂x⊗ˆKˆtx , (16)
equipped with the obvious involution and G-action, defines a Rg D-D bundle over G. 
Definition 4.6. For (A,α) ∈ B̂rR(G), the element tA of Proposition 4.5 is called the type of
(A,α). The homomorphism t : B̂rR(G) −→ HˇR0(G•, InvKˆ) is called the type map.
Definition 4.7. A Rg D-D bundle (A,α) is said to be of type i mod 8 if tA is the constant
function tA = i ∈ Z8 ⊂ InvKˆ. By B̂rRi(G) we denote the set of Morita equivalence classes of
Rg D-D bundles of type i mod 8 over G // // X . Next, we define
B̂rR∗(G) :=
7⊕
i=0
B̂rRi(G).
Example 4.8. Let Hˆ be, as usual, equipped with the Real structure J,R. Then K̂0 −→ · is a Rg
D-D bundle of type 0 over P̂U(Hˆ) //// · , where the Real P̂U(Hˆ)-action is given by Ad; i.e.
[u] · T := Adu(T), for [u] ∈ P̂U(Hˆ) ∼= Aut(0)(K̂0), T ∈ K̂0.
We have the following easy result which shows that the study of B̂rR(G) reduces to that of
Rg D-D bundles of type 0.
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Proposition 4.9. Let G //// X be a Real groupoid. Then B̂rR0(G) is a subgroup of B̂rR(G).
Furthermore, the group sequences
0 −→ B̂rR0(G)
ι0−→ B̂rR(G) t−→ HˇR0(G•, InvKˆ) −→ 0 (17)
0 −→ B̂rR0(G)
ι0−→ B̂rR∗(G)
t
−→ HˇR0(G•,Z8) −→ 0, (18)
where ι0 is the inclusion homomorphism, are split-exact. Therefore, we have two isomorphisms
of abelian groups
B̂rR(G) ∼= HˇR0(G•, InvKˆ)⊕ B̂rR0(G), and B̂rR∗(G) ∼= HˇR0(G•,Z8)⊕ B̂rR0(G).
Proof. We only prove the first sequence, from which we deduce the second one. It is clear
that t ◦ ι0 = 0 and ι0 is an injective homomorphism. We also proved in Proposition 4.5 that t
was surjective. To show the sequence splits, we only have to verify that the correspondence
t 7−→ K̂G,t, where K̂G,t −→ X is the Rg D-D bundle given by (16) defines a group ho-
momorphism HˇR0(G•, InvKˆ) −→ B̂rR(G). This is immediate from construction: we have
K̂G,t+t ′ ∼= K̂G,t⊗ˆXK̂G,t ′ , and a routine verification shows that any isomorphism t+ t0 ∼= t ′+ t0
induces an isomorphism of Rg D-D bundles K̂G,t+t0 ∼= K̂G,t ′+t0 so that K̂G,t = K̂G,t ′ in B̂rR(G)
if t ∼s t ′. Also from the definition of −t, we have K̂G,−t = K̂G,t = −K̂G,t. Finally it is obvious
that K̂G,t is of type t. 
5. GENERALISED CLASSIFYING MORPHISMS
Let Hˆ be the usual Rg Hilbert space with the involution induced by the degree 0 Real struc-
ture J0,R on Hˆ (see Appendix A). Let the algebra L(Hˆ) of bounded linear operators on Hˆ be
endowed with the obvious grading and the Real structure T¯(h) := T(h¯), T ∈ L(Hˆ),h ∈ Hˆ.
Denote by Û(Hˆ) the group of all homogeneous unitaries in L(Hˆ) (i.e. unitaries of degree 0 or
1) [22] equipped with the Real structure inherited from that of L(Hˆ). Next, we define the Real
group P̂U(Hˆ) to be the quotient Û(Hˆ)/S1, where S1 is given the the Real structure defined by
complex conjugation (it is obvious that the action of S1 on Û(Hˆ) is compatible with the involu-
tions).
In this section we are restricting attention to the class of the Rg D-D bundle (K̂0,Ad) of type
0 over the Real groupoid P̂U(Hˆ) //// · , where P̂U(Hˆ) is equipped with the compact-open
topology and
Definition 5.1. Let (A,α) ∈ B̂rR(G) of type 0. A generalised classifying morphism for (A,α)
is a generalised Real homomorphism P : G −→ P̂U(Hˆ) such that (A,α) ∼= (K̂P0 ,AdP) as Rg
D-D bundles.
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Remark 5.2. Note that K̂P0 = P ×P̂U(Hˆ) K̂0 := P × K̂0/∼, where the equivalence relation is
(ϕ, T) ∼ (ϕ · [u], [u−1] · T) for [u] ∈ P̂U(Hˆ). The Real G-action by automorphisms is given by
the Real (left) G-action on P.
Before going on the study of generalised classifying morphisms, we shall say something
about generalised Real homomorphisms G −→ P̂U(Hˆ). First of all, recall from [20, Remark
2.50] that although the Real group P̂U(Hˆ) is not abelian, it still is possible to define Real
P̂U(Hˆ)-valued ˇCech 1-cocycles over any Real groupoidG, hence to form the set HˇR1(G•, P̂U(Hˆ)),
and we have a set-theoretic bijection between HˇR1(G•, P̂U(Hˆ)) and HomRG(G, P̂U(Hˆ)).
What’s more, when identified with HomRGΩ(G, P̂U(Hˆ)), the set HomRG(G, P̂U(Hˆ)) admits
the structure of abelian monoid defined as follows. Fix an isomorphism
Hˆ⊗ˆHˆ
∼=
−→ Hˆ
of Rg Hilbert spaces. Then the map
P̂U(Hˆ)× P̂U(Hˆ) ∋ ([u1], [u2]) 7−→ [u1⊗ˆu1] ∈ P̂U(Hˆ⊗ˆHˆ) ∼= P̂U(Hˆ)
is a Real a homeomorphism, where the unitary u1⊗ˆu2 is given on Hˆ⊗ˆHˆ by
(u1⊗ˆu2)(ξ1⊗ˆξ2) := (−1)
∂u2·∂u1u1(ξ1)⊗ˆu2(ξ2).
Given p1,p2 ∈ HomRGΩ(G, P̂U(Hˆ)), we may, without loss of generality, assume that they are
represented on the same open Real cover U of X; i.e. p1,p2 : G[U] −→ P̂U(Hˆ) are strict Real
morphisms. Henceforth, the map
p1⊗ˆp2 : G[U] −→ P̂U(Hˆ)
γ 7−→ p1(γ)⊗ˆp2(γ)
(19)
becomes a well defined strict Real homomorphism. Therefore we have:
Definition and Lemma 5.3. For [P1], [P2] ∈ HomRG(G, P̂U(Hˆ)). We define the sum
[P1] + [P2] := [P1 ⊗ P2],
where P1⊗P2 is the generalised homomorphism from G //// X to P̂U(Hˆ) //// · obtained
by composing the corresponding morphism p1⊗ˆp2 ∈ HomRGΩ(G, P̂U(Hˆ)) with the gener-
alised Real morphism induced by a canonical Morita equivalenceG ∼ G[U]. ThenHomRG(G, P̂U(Hˆ))
is an abelian monoid with respect to this operation.
Remark 5.4. The same reasoning applies to the Real group U0(Hˆ): the operation of tensor
product of cocycles makes the set HomRG(G, U0(Hˆ)) ∼= HˇR1(G•, U0(Hˆ)) into an abelian
monoid. Similarly the corresponding operation in HomRG(G, U0(Hˆ)) is denoted additively.
We list few properties for generalised classifying morphisms.
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Proposition 5.5. If P1 and P2 are generalised classifying morphisms for (A1,α1) and (A2,α2),
respectively, then P1 ⊗ P2 is a generalised classifying morphism for the Rg tensor product
(A1⊗ˆXA2,α1⊗ˆα2).
Proof. Up to considering the pull-back of Ai, i = 1, 2 along the canonical Real inclusion
G[U] →֒ G, we can suppose that the (Ai,αi) are Rg D-D bundles over the Real cover groupoid
G[U], where U is an open Real cover on which the morphisms pi ∈ HomRGΩ(G, P̂U(Hˆ))
corresponding to Pi are represented. The isomorphisms (Ai,αi) ∼= (K̂Pi0 ,AdPi) mean that
the pull-back (p∗iK̂0,p∗iAd) is isomorphic to (Ai,αi), i = 1, 2. We thus have reduced the
proposition to showing that
(A1⊗ˆYA2,α1⊗ˆα2) ∼= ((p1⊗ˆp2)
∗K̂0, (p1⊗ˆp2)
∗Ad),
where Y =
∐
i∈IUi. But this is clear by using the functorial property of B̂rR(·) in the cate-
gory RGs of Real groupoids and strict Real homomorphisms and the isomorphism of Rg D-D
bundles (K̂0⊗ˆ·K̂0,Ad⊗ˆAd) ∼= (K̂0,Ad) over P̂U(Hˆ). 
Proposition 5.6. Suppose Z : Γ −→ G is a generalised Real homomorphism. Let (A,α) ∈
B̂rR(G) be of type 0. If P is a generalised classifying morphism for (A,α), then P ◦ Z is a
generalised classifying morphism for (AZ,αZ) ∈ B̂rR(Γ).
Proof. This is a consequence of the cofunctorial property of B̂rR(·) in the category RG: i.e.
A ∼= K̂P0 implies AZ ∼= (K̂P0 )Z ∼= K̂P◦Z0 . 
Proposition 5.7. Let (A1,α1), (A2,α2) be isomorphic Rg D-D bundles of type 0 over G //// X .
If P1 and P2 are generalised classifying morphisms for (A1,α1) and (A2,α2), respectively, there
exists a G–P̂U(Hˆ)-equivariant Real isomorphism P1 ∼= P2.
Proof. Let fi : Ai −→ Pi ×P̂U(Hˆ) K̂0, i = 1, 2, and φ : A1 −→ A2 be isomorphisms of Rg
D-D bundles. Then h := f2 ◦ φ ◦ f−11 : P1 ×P̂U(Hˆ) K̂0 −→ P2 ×P̂U(Hˆ) K̂0 is an isomorphism
of Rg D-D bundles over G. P1 −→ X and P2 −→ X being P̂U(Hˆ)-principal bundles, it follows
from the theory of principal bundles (see for instance Husemo¨ller [13, §4.6]) that there exists an
isomorphism of P̂U(Hˆ)-principal bundles f : P1 −→ P2 over X such that h([ϕ, T ]) = [f(ϕ), T ]
for all [ϕ, T ] ∈ P1 ×P̂U(Hˆ) K̂0. Moreover, f must be Real since h is. Also, since h is G-
equivariant, we have h([g · ϕ, T ]) = g · h([ϕ, T ]) = g · [f(ϕ), T ] = [g · f(ϕ), T ], so that
[f(g ·ϕ), T ] = [g · f(ϕ), T ], ∀[ϕ, T ] ∈ P1 ×P̂U(Hˆ) K̂0. f is thus an isomorphism of generalised
Real homomorphisms P1 ∼= P2 : G −→ P̂U(Hˆ). 
From Proposition 5.7 we deduce the following
Corollary 5.8. If there exists a generalised classifying morphism for (A,α) ∈ B̂rR(G), then
it is unique up to isomorphisms of generalised Real homomorphisms.
The existence of generalised classifying morphisms is the content of the next section.
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6. CONSTRUCTION OF P
It is known [29] that graded complex D-D bundles are, in some sense, classified by the
groupoid P̂U(Hˆ) //// · ; i.e. giving a graded complex D-D bundle A over G is equivalent to
giving a generalised morphism P ∈ HomG(G, P̂U(Hˆ)), where G is the category of topological
groupoids and isomorphism classes of generalised morphisms. In view of the isomorphism
established in Lemma 3.7, it is natural to expect a similar correspondence in the category of
Real spaces. We show that the G-equivariant P̂U(Hˆ)-principal bundle associated to a Rg D-D
bundle admits a natural involution turning it into an element in HomRG(G, P̂U(Hˆ)), where the
Real groupoid P̂U(Hˆ) // // · is given the compact-open topology (which is equivalent to the
∗
-strong operator topology) and the usual involution AdJ0,R .
A Rg D-D bundle (A,α) ∈ B̂rR(G) being of type 0 means that the fibres Ax are isomor-
phic to the graded complex elementary C∗-algebra K̂ev = K(Hˆ), and there is a Real local
trivialisation (Uj,ϕj)j∈J with commutative diagrams
A|Uj
τUj

hj
// Uj × K̂0
τ×bar

A|Uj¯
hj¯
// Uj¯ × K̂0
(20)
and a Real family of continuous function aij : Uij −→ Aut(0)(K̂0) = P̂U(Hˆ), over every
non-empty intersection Uij = Ui ∩Uj, such that the homeomorphism
hi ◦ h
−1
j : Uij × K̂0 −→ Uij × K̂0
sends (x, T) to (x,aij(x)T). Observe that (aij) ∈ ZR1(U, P̂U(Hˆ)). We then obtain the ”Real”
analogue of the well known Dixmier-Douady class (see [7], [25]). Furthermore, we get a Real
P̂U(Hˆ)-valued ˇCech 1-cocyle µ over G as follows. From the Real open cover U = (Uj)j∈J
of X, form the Real open cover U1 = (U1(j0,j1)) of G by setting U
1
(j0,j1)
= {g ∈ G | r(g) ∈
Uj0 , s(g) ∈ Uj1} ( [20, §2]). Using the isomorphism of Rg C∗-bundles s∗A −→ r∗A over G
induced by the Real G-action α and the commutative diagram (20), there is a Real family of
continuous functions µ(j0,j1) : U1(j0,j1) −→ Aut
(0)(K̂0) = P̂U(Hˆ) such that
µ(j0,j1)(g) = hj0|r(g) ◦ αg ◦ h
−1
j1|s(g)
, ∀g ∈ U1(j0,j1), (21)
where hj0|r(g) : Ar(g) −→ {r(g)}× K̂0, and hj1|s(g) : {s(g)}× K̂0 −→ As(g) are the restrictions
of the isomorphisms hj0 : r∗A|U1(j0,j1) −→ Uj0 × K̂0 and h
−1
j1
: Uj1 × K̂0 −→ s
∗A|U1
(j0,j1)
.
It is easy to verify that µA = (µ(j0,j1)) is a Real 1-coboundary. We are going to show that
the generalised Real homomorphism corresponding to the class of µA in HˇR1(G•, P̂U(Hˆ)) is
actually a classifying generalised morphism for (A,α).
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We first need some further constructions. For x ∈ X, let Px := Isom(0)(K̂0,Ax). Put
P :=
∐
x∈X
Px. (22)
For g ∈ G and p = (s(g),ϕ) ∈ Ps(g), the G-action α of A provides the element g · p ∈ Pr(g)
given by
g · p := (r(g),αg ◦ϕ). (23)
We wish to define a topology on P such that not only the canonical projection P ∋ (x,ϕ) 7−→
x ∈ X is continuous but also the formula (23) defines a continuous action of G on P with
respect to the projection just given. To do so, we first consider the pull-backs s∗P −→ G and
r∗P −→ G of P −→ X along the range and source maps. Then we look at the fibered-product
s∗P ×G r
∗P −→ G.
Lemma 6.1. The G-action α of A induces a (set-theoretical) embedding
s∗P ×G r
∗P →֒ G× P̂U(Hˆ).
Proof. If ((g,ϕ), (g,ψ)) ∈ s∗P ×G r∗P, then ψ−1 ◦ αg ◦ ϕ ∈ Aut(0)(K̂0) = P̂U(Hˆ). It is
straightforward to see that the correspondence
s∗P ×G r
∗P −→ G× P̂U(Hˆ)
((g,ϕ), (g,ψ)) 7−→ (g,ψ−1 ◦ αg ◦ϕ)
is a well-defined injection map. 
Definition 6.2. Let (A,α) ∈ B̂rR(G) of type 0, and let P be given by (22). Let the space
s∗P ×G r
∗P be given the topology induced from the product topology of G × P̂U(Hˆ) via the
embedding of Lemma 6.1. Then we endow P with the topology induced from the embedding
P →֒ s∗P ×G r
∗P
(x,ϕ) 7−→ ((x,ϕ), (x,ϕ))
In this way, P is looked at as a subspace of G× P̂U(Hˆ).
From this definition, it is obvious that the projection P −→ X is an open continuous map with
respect to which the formula (23) defines a continuous G-action on P. Moreover, P is a Real
G-space with respect to the involution P ∋ (x,ϕ) 7−→ (x¯, ϕ¯), where for ϕ ∈ Isom(0)(K̂0,Ax),
the isomorphism ϕ¯ is defined by ϕ¯(T) := ϕ(T¯) for all T ∈ K̂0.
Proposition 6.3. Let u ∈ Û(Hˆ) and [u] its class in the group P̂U(Hˆ). For ϕ ∈ Px we put
ϕ · [u] := ϕ ◦ Adu ∈ Px. Then the map P ∋ (x,ϕ) 7−→ (x,ϕ · [u]) ∈ P defines a principal
Real P̂U(Hˆ)-action on P compatible with the G-action with respect to the projection P −→ X.
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In other words, we have a generalised Real homomorphism
P //

·
X
from G to P̂U(Hˆ).
Proof. The continuity of the map P̂U(Hˆ) × P ∋ ([u], (x,ϕ)) 7−→ (x,ϕ · [u]) ∈ P is a direct
consequence of the construction of the topology of P. It respects the Real structures since for
all T ∈ K̂0,
ϕ · [u](T) = ϕ(uT¯u−1) = ϕ ◦Adu(R¯) = ϕ¯ ◦Adu¯(T),= (ϕ · [u¯])(T).
It remains only to check that the P̂U(Hˆ)-action is principal (cf. [20, §1.2], [30]), which is
straightforward since the map P × P̂U(Hˆ) −→ P ×X P given by
((x,ϕ), [u]) 7−→ ((x,ϕ), (x,ϕ · [u])),
has inverse given by ((x,ϕ), (x,ψ)) 7−→ ((x,ϕ),ϕ−1 ◦ψ). 
Proposition 6.4. The class of [P] ∈ HomRG(G, P̂U(Hˆ)) in HˇR1(G•, P̂U(Hˆ)) is µA, the latter
being given by (21).
Proof. The Real local trivialisation (Uj,hj) of (20) gives rise to a Real family of local sections
sj : Uj −→ P such that sj(x) = h−1j|x ∈ Isom
(0)(K̂0,Ax). For g ∈ U1(j0,j1), we have g ·h
−1
j1|s(g)
=
αg ◦ h
−1
j1|s(g)
, hence g · sj1(s(g)) = sj0(r(g)) · µ(j0,j1), which proves the result. 
Proposition 6.5. Every Rg D-D bundle (A,α) of type 0 over G //// X admits a generalised
classifying morphism P(A). Furthermore, the assignment
[P] 7−→ A([P]) := P ×
P̂U(Hˆ)
K̂0
induces a well defined surjective homomorphism of abelian monoids
A : HomRG(G•, P̂U(Hˆ)) −→ B̂rR0(G). (24)
Proof. Let P : G −→ P̂U(Hˆ) be the generalised Real homomorphism defined by (22). Then
the family of fibre-wise maps
P ×
P̂U(Hˆ)
K̂0 ∋ ((x,ϕ), T) 7−→ ϕ(T) ∈ Ax
is an isomorphism of Rg D-D bundles over G. Therefore, P : G −→ P̂U(Hˆ) is a generalised
classifying morphism for (A,α). The uniqueness of P is guaranteed by Corollary 5.8.
The mapA is well defined since an isomorphism of generalised Real homomorphismsP ∼= P ′
obviously induces an isomorphism between the associated Rg D-D bundles. It is a homo-
morphism of abelian monoids, for if [P], [P ′] ∈ HomRG(G, P̂U(Hˆ)) then, thanks to Proposi-
tion 5.5 and the uniqueness of the generalised classifying morphism, P ⊗ P ′ is a generalised
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classifying morphism for A([P])⊗ˆXA([P ′]) and for A([P] + [P ′]) at the same time; so that
A([P⊗ P ′]) ∼= K̂P⊗P
′
0
∼= A([P])⊗ˆXA([P ′]), which implies A([P] + [P ′]) = A([P]) +A([P ′]) in
B̂rR0(G). The surjectivity of A is a consequence of the existence of the generalised classifying
morphism we just proved. 
Remark 6.6. Let X be a locally compact Hausdorff space. Recall that Atiyah and Segal defined
in [3, pp.11-12] the monoid Proj±(X) to be the set of infinite dimensional projective graded
complex Hilbert space bundles on X subjected to the operation of graded tensor products, and
showed that as a set, Proj±(X) ∼= Hˇ1(X,Z2)× Hˇ2(X,Z). If X is endowed with a Real structure
τ, then HomRG(X, P̂U(Hˆ)) is nothing but the Real analogue of Proj±(X). We thus may expect
to have a similar result as in the complex case; this will be discussed in the next sections.
7. INTERMEDIATE ISOMORPHISM THEOREM
Consider once again the abelian monoidsHomRG(G, Û
0
(Hˆ)) and HomRG(G, P̂U(Hˆ)). There
is a canonical monomorphism
pr : HomRG(G, U
0(Hˆ)) −→ HomRG(G, P̂U(Hˆ))
induced by the canonical Real projection Û0(Hˆ) −→ P̂U(Hˆ); i.e., if U : G −→ U0(Hˆ) is a
generalised Real homomorphism, then we obtain a generalised Real homomorphism
pr ◦U := U×U0(Hˆ) P̂U(Hˆ) : G −→ P̂U(Hˆ).
Definition 7.1. An element [P] ∈ HomRG(G, P̂U(Hˆ)) is called trivial if [P] = [pr ◦ U] for
some U : G −→ U0(Hˆ).
Define an equivalence relation in HomRG(G, P̂U(Hˆ)) by saying that P1,P2 : G −→ P̂U(Hˆ)
are stably isomorphic if there exists a trivial generalised Real homomorphism Q such that
[P1] + [Q] = [P2] + [Q].
In that case we write [P1] ∼st [P2]. We define
HomRG(G, P̂U(Hˆ))st := HomRG(G, P̂U(Hˆ))/∼st .
The class of [P] with respect to ”∼st” is denoted by [P]st
Lemma 7.2. [P] is trivial if and only if P is the generalised classifying morphism of a Rg D-D
bundle of the form (K(Hˆ ),AdU) where (Hˆ ,u) is a Rg Hilbert G-bundle.
Proof. Assume P ∼= pr ◦ U is trivial. Let [ω] ∈ HˇR1(X, Û0(Hˆ)) be the class of the Real
U0(Hˆ)-principal bundle U −→ X, and let [c] ∈ HˇR1(G•, U0(Hˆ)) be the class of U as Real
U0(Hˆ)-principal G-bundle. Suppose, without loss of generality, that U = (Uj)j∈J is a Real
open cover of X on which ω is represented, and such that c is represented on the Real open
cover U1 = (U
1
(j0,j1)
)j0,j1∈J. Then we get a Rg Hilbert G-bundle (Hˆ ,u) by setting:
Hˆ :=
∐
j∈J
Uj × Hˆ/∼ (25)
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where Ui × Hˆ ∋ (x, ξ) ∼ (x,ωij(x)ξ) ∈ Ui × Hˆ; if [x, ξ]j denotes the class in Hˆ of
(x, ξ) ∈ Uj× Hˆ, we define the Real structure [x, ξ]j 7−→ [x¯, ξ¯]j¯ (where as usual the ”bar” in Hˆ
is the Real structure J0,R), and the projection π : Hˆ −→ X by π([x, ξ]j) = x; the Real G-action
U is
Ug([s(g), ξ]j1) := [r(g), c(j0,j1)(g)ξ]j0. (26)
By construction, we see that pr ◦ U = U ×
U0(Hˆ) K̂0 is a generalised classifying morphism
for (K(Hˆ ),AdU) and that the class µK(Hˆ ) (recall (21)) in HˇR1(G, P̂U(Hˆ)) is Adc, where
(Adc)(j0,j1) := Adc(j0,j1) .
Conversely, a Rg Hilbert G-bundle (Hˆ ,U) gives rise to a class [ω] ∈ HˇR1(G•, U0(Hˆ)),
hence to a generalised Real homomorphism U : G −→ U0(Hˆ). It follows from Proposition 6.4
that pr◦U : G −→ P̂U(Hˆ) is a generalised classifying morphism for (K(Hˆ ),AdU); therefore
P ∼= pr ◦U by Corollary 5.8. 
Lemma 7.3. HomRG(G, P̂U(Hˆ))st is an abelian group with respect to the sum; the inverse
of [P]st is [P∗]st where P∗ is the generalised classifying morphism for the conjugate bundle of
A([P]).
Proof. We only need to verify the existence of the inverse. P ⊗ P∗ is a generalised classifying
morphism for the Rg D-D bundle A([P])⊗ˆXA([P]). From Corollary 2.19, P ⊗ P∗ is then a
generalised classifying morphism for (K(Hˆ ),AdU) where (Hˆ ,U) is a Rg Hilbert G-bundle.
Therefore, [P ⊗ P∗] is trivial, by Lemma 7.2. 
The main result of this section is the following
Theorem 7.4. Let G //// X be a Real groupoid. Then B̂rR0(G) ∼= HomRG(G, P̂U(Hˆ))st.
The proof is based on the following lemma (compare with [29, p.3]).
Lemma 7.5. The sequence of abelian monoids
0 −→ HomRG(G, U
0(Hˆ))
pr
−→ HomRG(G, P̂U(Hˆ))
A
−→ B̂rR0(G) −→ 0 (27)
is exact.
Proof. We have already seen that pr was a monomorphism of abelian monoids, and A was an
epimorphism of abelian monoids. It then remains to show that kerA = Im(pr).
Im(pr) ⊂ kerA: indeed, from Lemma 7.2 and Corollary 5.8, for all [U] ∈ HomRG(G, U0(Hˆ)),
the Rg D-D bundleA([pr◦U]) is of the form (K(Hˆ ),AdU), henceA([pr◦U]) = 0 in B̂rR0(G)
by Corollary 2.19.
kerA ⊂ Im(pr): if A([P]) = 0 then P is the generalised classifying morphism for some
(K(Hˆ ),AdU). So, by Lemma 7.2, [P] is trivial; in other words, [P] = [pr ◦U] ∈ Im(pr). 
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Proof of Theorem 7.4. First of all, observe that there is a canonical isomorphism of abelian
monoids
HomRG(G, P̂U(Hˆ))
Im(pr)
∼= HomRG(G, P̂U(Hˆ))st,
the quotient monoid is then an abelian group. Moreover, from the exact sequence (27) we
deduce an isomorphism of abelian monoids
P : B̂rR0(G)
∼=
−→ HomRG(G, P̂U(Hˆ))st,
such that P(A) is the class in HomRG(G, P̂U(Hˆ))st of the generalised classifying morphism
P of (A,α). Furthermore, by definition of the inverse in HomRG(G, P̂U(Hˆ))st, we see that this
isomorphism respects the inversion; it therefore is an isomorphism of abelian groups, which
completes the proof. 
8. EXAMPLE: CASE OF A REAL GROUP
Here we apply the observations of the previous sections to compute the Rg Brauer group of
a locally compact Real group G //// · .
If G = G //// · is a Real group, then for any Real group S, HomRG(G, S) identifies with
the set Hom(G, S)R of continuous Real group homomorphisms from G to S. In particular
HomRG(G, P̂U(Hˆ))st ∼=
Hom(G, P̂U(Hˆ))R
Hom(G, U0(Hˆ))R
.
For instance, if G is equipped with the trivial Real structure, then
HomRG(G, P̂U(Hˆ))st ∼=
Hom(G, P̂U(HˆR))
Hom(G, U0(HˆR))
.
Moreover, a Rg D-D bundle over G //// · is obviously of constant type since it is given
by a Real bundle over the point together with a Real action of G; so B̂rR(G) = B̂rR∗(G). It is
convenient to write B̂rRG(∗) instead of B̂rR(G) since it is exactly the Rg Brauer group of the
point with the trivial Real G-action. Similarly, we write B̂rOG(∗) and B̂rG(∗).
Now, applying Proposition 4.9 and Theorem 7.4 to G, we get
Proposition 8.1. Let G be a locally compact Real group. Then
B̂rRG(∗) ∼= Z8 ⊕
Hom(G, P̂U(Hˆ))R
Hom(G, U0(Hˆ))R
, B̂rOG(∗) ∼= Z8 ⊕
Hom(G, P̂U(HˆR))
Hom(G, U0(HˆR))
.
30 EL-KA¨IOUM M. MOUTUOU
9. THE MAIN ISOMORPHISMS
The purpose of this section is to prove the following theorem.
Theorem 9.1. Let G // // X be a Real groupoid. Then
B̂rR(G) ∼= HˇR0(G•, InvKˆ)⊕
(
HˇR1(G•,Z2)⋉ HˇR
2(G•, S
1)
)
;
B̂rR∗(G) ∼= HˇR0(G•,Z8)⊕
(
HˇR1(G•,Z2)⋉ HˇR
2(G•, S
1)
)
.
We first deduce a generalization of Donovan-Karoubi’s isomorphism (9):
Corollary 9.2. Let G //// X be a groupoid. Then
B̂rO(G) ∼= Hˇ0(G•,Z8)⊕
(
Hˇ1(G•,Z2)⋉ Hˇ
2(G•,Z2)
)
.
Proof. This follows from Theorem 3.6 2), Theorem 9.1, and the fact that when G is given the
trivial involution, HˇRn(G•, S1) ∼= Hˇn(G•,Z2), thanks to [20, Proposition 2.43]. 
The proof of Theorem 9.1 is divided into several steps that mainly consist of constructing an
isomorphism HomRG(G, P̂U(Hˆ))st ∼= ÊxtR(G, S1).
Let us consider the following ”generic” Rg S1-central extension E
K̂0
of the Real groupoid
P̂U(Hˆ)
//
// ·
S1 // Û(Hˆ)
pr
// P̂U(Hˆ)
∂

Z2
(28)
where ∂([u]) is the degree of the homogeneous unitary u.
Let G // // X be a Real groupoid and let P : G −→ P̂U(Hˆ) be a generalised Real ho-
momorphism. Then we get a Rg S1-central extension P∗E
K̂0
of G by pulling back E
K̂0
via P
(see [20, §1]).
Lemma 9.3. The assignment P 7−→ P∗E
K̂0
induces a well defined homomorphism of Abelian
monoids
T : HomRG(G, P̂U(Hˆ)) −→ ÊxtR(G, S1)
[P] 7−→ [P∗E
K̂0
]
Proof. Assume P ∼= P ′ are isomorphic generalised Real homomorphisms from G to P̂U(Hˆ).
As usual, we may assume that P and P ′ are represented in HomRGΩ(G, P̂U(Hˆ)) (see [20, §1])
on the same Real open cover U of X by two Real strict homomorphisms f : G[U] −→ P̂U(Hˆ)
and f ′ : G[U] −→ P̂U(Hˆ), respectively. The pull-backs P∗E
K̂0
and (P ′)∗E
K̂0
are then Morita
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equivalent to
S1 // Û(Hˆ)×
pr,P̂U(Hˆ),f
G[U] // G[U]
∂◦f

Z2
and
S1 // Û(Hˆ)×
pr,P̂U(Hˆ),f ′
G[U] // G[U]
∂◦f ′

Z2
respectively, where in both cases, the projection is the canonical one onto the second factor.
Since P ∼= P ′, there is an isomorphism of Real groupoidsφ : G[U] −→ G[U] such that f ′ = f◦φ.
Therefore, the map
Û(Hˆ)×
pr,P̂U(Hˆ),f
G[U] −→ Û(Hˆ)×
pr,P̂U(Hˆ),f ′
G[U]
defined by (u,γ) 7−→ (u,φ(γ)) induces an isomorphism of Rg S1-central extension P∗E
K̂0
∼=
(P ′)∗E
K̂0
. Hence T is well defined.
Let us check that T is a homomorphism. Let [P1], [P2] ∈ HomRG(G, P̂U(Hˆ)) and let p1,p2 :
G[U] −→ P̂U(Hˆ) be Real strict homomorphisms representing [P1] and [P2], respectively in the
category RGΩ. Then the map(
Û(Hˆ)×
pr,P̂U(Hˆ),p1
G[U]
)
×G[U]
(
Û(Hˆ)×
pr,P̂U(Hˆ),p2
G[U])
)
→ Û(Hˆ⊗ˆHˆ)×
pr,P̂U(Hˆ⊗ˆHˆ),p1⊗ˆp2
G[U])
defined by
((u1,γ), (u2,γ)) 7−→ (u1⊗ˆu2,γ),
is easily checked to define an isomorphism of Rg S1-central extensions
(P∗1EK̂0)⊗ˆ(P
∗
2EK̂0)
∼= (P1 ⊗ P2)
∗E
K̂0
.
Thus, T ([P1] + [P2]) = T ([P1]) + T ([P2]), and we are done. 
Lemma 9.4. If [P] is trivial, then T ([P]) = 0 in ÊxtR(G, S1). Therefore, T induces a homo-
morphism of abelian groups
HomRG(G, P̂U(Hˆ))st −→ ÊxtR(G, S1),
also denoted by T .
Proof. Since T ([P]) depends only on the isomorphism class of P, it suffices to suppose P =
pr ◦ U for some generalised Real homomorphism U : G −→ U0(Hˆ). Let u : G[U] → U0(Hˆ)
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be a Real strict homomorphism representing U in the category RGΩ. Then the Real groupoid
morphism p : G[U] −→ P̂U(Hˆ) given by p(γ) = [uγ] represents P. It follows that the map
G[U] −→ Û(Hˆ)×
pr,P̂U(Hˆ),p
G[U]
γ 7−→ (uγ,γ)
is a well defined section of the projection of (p∗P̂U(Hˆ),G[U], ∂ ◦ p); the latter is then a strictly
trivial Rg S1-twist [20]. Therefore, P∗E
K̂0
is a trivial Rg S1-central extension of G. 
At this point, we are following closely [30, §2.6] to construct a homomorphism P ′ in the
other direction; and then we will show that T and P ′ are inverses of each other.
Let E = (Γ˜ , Γ , δ,Z) be a Rg S1-central extension of G //// X .
Definition 9.5. ( [30, Definition 2.37]). A function ξ ∈ Cc(Γ˜) is said S1-equivariant if ξ(λγ˜) =
λ−1ξ(γ˜) for any λ ∈ S1 and any γ˜ ∈ Γ˜ .
Let µ = {µy}y∈Y be a Real Haar system of the Real groupoid Γ˜ // // Y . For y ∈ Y,
consider the graded Hilbert space L2y := L2(Γ˜y)S
1
consisting of S1-equivariant functions on Γ˜y
which are L2 with respect to µy. Note that the Z2-grading of L2y is the one induced by δ; i.e.,
for ξ ∈ Cc(Γ˜y)S
1
, define δξ by
(δξ)(γ˜) := (−1)δ(γ)ξ(γ˜), (29)
where γ ∈ Γ is such that π(γ˜) = γ. Let
HΓ˜ ,y = L
2
y ⊗H, and H˜Γ˜ ,y: =
∐
y
HΓ˜ ,y, (30)
where, as usualH = l2(N) is the generic separable infinite dimensional Hilbert space, endowed
with the Real structure JR given by the complex conjugation with respect to the canonical basis.
Then the countably generated continuous field of infinite dimensional graded Hilbert spaces
H˜Γ˜ −→ Y, is a locally trivial graded Hilbert bundle, and hence trivial thanks to [7, The´ore`me
5]. By identifying HΓ˜ ,y with the space
L2(Γ˜y;H)S
1
:= {ξ ∈ Cc(Γ˜
y;H) | ξ(λγ˜) = λ−1ξ(γ˜), ∀λ ∈ S1, γ˜ ∈ Γ˜y},
we define the Real structure on H˜Γ˜ by
HΓ˜ ,y ∋ ξ 7−→ ξ¯ ∈ HΓ˜ ,y¯, (31)
where ξ¯(γ˜) := ξ(γ˜) for all γ˜ ∈ Γ˜ y¯. Together with this involution, H˜Γ˜ is clearly a Rg Hilbert
bundle over Y.
For y ∈ Y, let UˆΓ˜ ,y = U
0(Hˆ,HΓ˜ ,y)
⋃
U1(Hˆ,HΓ˜ ,y) be the space of homogeneous unitary
operators from Hˆ to HΓ˜ ,y. Put
UˆΓ˜ =
∐
y∈Y
UΓ˜ ,y.
GRADED BRAUER GROUPS OF A GROUPOID WITH INVOLUTION 33
The field UˆΓ˜ is endowed with the topology induced from H˜ : a section Y ∋ y 7−→ uy ∈ UˆΓ˜ ,y
is continuous if and only if for every ξ ∈ Hˆ, the map y 7−→ uyξ is a continuous section of
H˜Γ˜ −→ Y. The bundle UˆΓ˜ −→ Y is, in an obvious way, a Real Û(Hˆ)-principal bundle, with
the Real structure UˆΓ˜ ,y ∋ u 7−→ u¯ ∈ UˆΓ˜ ,y¯, where for ξ ∈ Hˆ, u¯(ξ) := u(ξ¯) ∈ HΓ˜ ,y¯. Notice
that scalar multiplication with elements of the fibres UˆΓ˜ ,y induces a Real S1-action on UˆΓ˜ . It
follows that its quotient
PUˆΓ˜ := UˆΓ˜/S
1 (32)
is a Real P̂U(Hˆ)-principal bundle over Y. We write [(x,u)] for the class of (x,u) ∈ UˆΓ˜ ,y in
the quotient PUˆΓ˜ .
One defines a Real left Γ -action on PUˆΓ˜ −→ Y in the following way: let γ ∈ Γ and
[(s(γ),u)] ∈ PUˆΓ˜ , then γ · [(s(g),u)] is the class [(r(γ),γ · u)] of the element (r(γ),γ · u) ∈
UˆΓ˜ ,r(γ), where for each ξ ∈ Hˆ, the function (γ · u)ξ ∈ L2(Γ˜ r(γ); Hˆ)S
1 is given by
(γ · u)ξ : Γ˜ r(γ) ∋ h 7−→ (uξ)(γ˜−1h),
where γ˜ ∈ Γ˜γ is any lift of γ with respect to the projection Γ˜ −→ Γ . It is easy to verify that
with respect to this well defined Real action, PUˆΓ˜ is a Real P̂U(Hˆ)-principal bundle over the
Real groupoid Γ //// Y , in other words, it is a generalised Real homomorphism from Γ to
P̂U(Hˆ)
//
// · .
Now the composite G Z
−1
−→ Γ
PUˆ
Γ˜−→ P̂U(Hˆ) provides us with the generalised Real homomor-
phism
PE := PUˆΓ˜ ◦ Z
−1 : G −→ P̂U(Hˆ). (33)
Remark 9.6. Observe that the Real Γ -action on PUˆΓ˜ is induced by the Real Γ˜ -action on UˆΓ˜
defined by γ˜ · (s(γ˜),u) := (r(γ˜), γ˜ · u), where for ξ ∈ Hˆ, ((γ˜ · u)ξ)(h) := (uξ)(γ˜−1h) for
all h ∈ Γ˜ r(γ˜). In fact, UˆΓ˜ is a Real Û(Hˆ)-principal bundle over the Real groupoid Γ˜
//
// Y .
Lemma 9.7. Let Ei = (Γ˜i, Γi, δi,Zi), i = 1, 2 be Morita equivalent Rg S1-central extensions of
G
//
// X , with equivalence implemented by an S1-equivarient Morita equivalence Z : Γ˜1 −→
Γ˜2. Denote by Z ′ = Z/S1 : Γ1 −→ Γ2 the induced Morita equivalence. Then PUˆΓ˜2 ◦ Z
′ and
PUˆΓ˜1 are isomorphic.
Proof. This is a consequence of [30, Lemma 2.39]. 
Lemma 9.8. Assume E1 and E2 are Morita equivalent Rg S1-central extensions of G. Then
[PE1] = [PE2].
Proof. A Morita equivalence Γ ∼Z G induces an isomorphism of abelian monoids
Z∗ : homRG(Γ , P̂U(Hˆ)) −→ HomRG(G, P̂U(Hˆ))
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given by Z∗[P] := [P ◦ Z−1] ( [30, Proposition 2.35]).
Now if Z is a Morita equivalence from E1 and E2, then under the notations of Lemma 9.7, the
commutative diagram of generalised Real homomorphisms
Γ1
Z ′
//
Z1 ❃
❃❃
❃❃
❃❃
Γ2
Z2    
  
  
 
G
induces a commutative diagram of abelian monoids
HomRG(Γ1, P̂U(Hˆ))
Z ′∗
//
Z1∗ ))❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
HomRG(Γ2, P̂U(Hˆ))
Z2∗uu❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
HomRG(G, P̂U(Hˆ))
Consequently, PUˆΓ˜2◦(Z
′)−1◦Z−12
∼= PUˆΓ˜1◦Z
−1
1 = PE1. But from Lemma 9.7, PUˆΓ˜1◦(Z
′)−1 ∼=
PUˆΓ˜2 . Therefore, PE2
∼= PE1. 
Lemma 9.9. The assignment E 7−→ PE induces group homomorphism
P
′ : ÊxtR(G, S1) 7−→ HomRG(G, P̂U(Hˆ))st, [E] 7−→ [PE]st.
Moreover T ◦P ′ = Id.
Proof. The second statement follows from [30, Proposition 2.38].
For the first statement, we shall first check that [PE] is trivial if E is. But, thanks to the
previous lemma, it suffices to show that PE0 comes from a generalised Real homomorphism
U : G −→ U0(Hˆ), where E0 is the trivial extension (G × S1,G, 0). This is obvious since
L2(Gx × S1)S
1 ∼= L2(Gx), which implies in particular that there is a canonical Real graded
G-action on the Real (trivially) graded Hilbert bundle HG×S1 .
Let [E1], [E2] ∈ ÊxtR(G, S1). For the sake of simplicity, we shall assume E1 and E2 are
represented by Rg S1-twists (Γ˜1, Γ , δ1) and (Γ˜2, Γ , δ2) over the same Real groupoid Γ // // Y
Morita equivalent to G. Let µi be a Real Haar system of Γ˜i, i = 1, 2. Then Γ˜1⊗ˆΓ˜2 is equipped
with the Real Haar system µ1 ×S1 µ2, and Γ is equipped with the image of the latter (here
µ1 ×S1 µ2 is meant to say the product measure is invariant under the diagonal action by S1).
For y ∈ Y, we denote by Cc(Γ˜y1 ;H)S
1
⊗ˆCc(Γy)Cc(Γ˜2;H)
S1 the completion, with respect to the
inductive limit topology in Cc(Γ˜y1 ⊗ˆΓ˜
y
2 )
S1
, of the Cc(Γy)-linear span of
{
ξ1⊙ˆξ2 | ξ1 ∈ Cc(Γ˜
y
1 )
S1 , ξ2 ∈ Cc(Γ˜
y
2 )
S1
}
,
where ξ1⊙ˆξ2 ∈ Cc(Γ˜y1 ⊗ˆΓ˜2)S
1 is defined by [(γ˜1, γ˜2)] 7−→ ξ1(γ˜1)ξ2(γ˜2), and where Cc(Γy)
acts on Cc(Γ˜
y
i )
S
1 by the formulas: (ξ1 · φ)(γ˜1) = ξ1(γ˜1)φ(π1(γ˜1)), and (φ · ξ2)(γ˜2) =
φ(π2(γ˜2))ξ2(γ˜2) for ξ1 ∈ Cc(Γ˜y1 )S
1
,φ ∈ Cc(Γ
y), ξ2 ∈ Cc(Γ˜
y
2 ) and γ˜i ∈ Γ˜
y
i , i = 1, 2. Then,
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passing to the L2-norms, the graded Hilbert spaces L2(Γ˜y1 ⊗ˆΓ˜
y
2 )
S1 and L2(Γ˜y1 )S
1
⊗ˆL2(Γy)L
2(Γ˜y2 )
S1
are isomorphic.
Define a generalised Real homomorphism U (Γ) : Γ −→ U0(Hˆ) by the Real field
U (Γ) :=
∐
y∈Y
U0(Hˆ, L2(Γy)⊗H),
where the Real Γ -action is induced by the Real Γ -action on the Rg Hilbert Γ -bundle H˜ (Γ) =∐
y∈Y L
2(Γy)⊗H −→ Y defined by γ · (s(γ), ξ) := (r(γ),γ · ξ), with (γ · ξ)(h) := ξ(γ−1h)
for all h ∈ Γ r(γ) (note that the grading of H˜ (Γ) is carried by L2(Γy) and is given by (δ1 ⊗
δ2)ξ(γ) := (−1)
δ1(γ)+δ2(γ)ξ(γ)). Then, remarking that pr ◦U (Γ) = U (Γ)/S1, we define an
isomorphism of Real P̂U(Hˆ)-principal bundles over Γ //// Y
PUˆΓ˜1 ⊗ PUˆΓ˜2 ⊗ (pr ◦U (Γ))
∼=
−→ PUˆΓ˜1⊗ˆΓ˜2
[(y,u1)]⊗ [(y,u2)]⊗ [(y, v)] 7−→ [(y, v · (u1⊙ˆu2))]
(34)
as follows: given ξ ∈ Hˆ, we writeui(ξ) =
∑
jφ
j
i⊗η
j
i, i = 1, 2, whereφ
j
i ∈ L
2(Γ˜yi )
S
1
, ηji ∈ H,
and similarly, v(ξ) =
∑
jψ
j ⊗ ζj ∈ L2(Γy)⊗H; then the unitary v · (u1⊙ˆu2) is defined by
(v · (u1⊙ˆu2))(ξ) :=
∑
j
(
ψj · φj1⊙ˆφ
j
2
)
⊗ ηj1 ⊗ η
j
2 ⊗ ζ
j
∈ L2(Γ˜y1 ⊗ Γ˜
y
2 )
S
1
⊗H⊗H ⊗H ∼= L2(Γ˜
y
1 ⊗ Γ˜
y
2 )
S
1
⊗H.
(35)
Thus [PUˆΓ˜1⊗ˆΓ˜2 ] ∼st [PUˆΓ˜1 ⊗ PUˆΓ˜2 ] in HomRG(Γ , P̂U(Hˆ)). Therefore, by functoriality, we
have [P(E1⊗ˆE1)] ∼st [(PE2) ⊗ (PE2)], which means that P ′([E1] + [E2]) = P ′([E1]) +
P ′([E2]). 
Lemma 9.10. We have P ′ ◦T = Id; consequently, we have a group isomorphism
HomRG(G, P̂U(Hˆ))st ∼= ÊxtR(G, S1).
Proof. In view of Lemma 9.9, we only have to verify that P ′◦T = Id. Let [P] ∈ HomRG(G, P̂U(Hˆ))
be represented by a pair [(U,p)] ∈ HomRGΩ(G, P̂U(Hˆ)). Recall (cf. [20, Proposition 1.33])
that P ∼= P ′ ◦ Z−1ιU , where ιU : G[U] →֒ G is the canonical Real inclusion and P
′ is (iso-
morphic to) the generalised Real homomorphism induced from the strict Real homomorphism
p : G[U] −→ P̂U(Hˆ). Notice that P ′ =
∐
jUj × P̂U(Hˆ) together with the Real G[U]-action
gj0j1 ·(s(g)j1, [u]) := (r(g)j0, [u]). On the other hand, there is canonical Real G[U]-action on the
Rg Hilbert bundle H˜p∗Û(Hˆ), hence PUˆp∗Û(Hˆ) = P̂U(Hˆ, H˜p∗Û(Hˆ)) ∼=
∐
jUj × P̂U(Hˆ) = P
′
.
It follows that PUˆp∗Û(Hˆ) ◦ Z−1ιU ∼= P
′ ◦ Z−1ιU = P, and hence P
′(T ([P])) = [P]. 
Proof of Theorem 9.1. By [20, Theorem 2.60], there is an isomorphism
dd : ÊxtR(G, S1)
∼=
−→ HˇR1(G•,Z2)⋉ HˇR
2(G•, S
1),
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where the operation in the semi-direct product is (δ,ω)+(δ ′,ω ′) := (δ+δ ′, (δ⌣ δ ′) ·ω·ω ′).
Therefore, by Theorem 7.4 and Lemma 9.10: we have an isomorphism
dd ◦T ◦P : B̂rR0(G) −→ HˇR1(G•,Z2)⋉ Hˇ2(G•, S1).
The result then follows from 4.9. 
10. ORIENTED RG D-D BUNDLES
For A ∈ B̂rR(G), its image in HˇR0(G•, InvKˆ) ⊕
(
HˇR1(G•,Z2)⋉ HˇR2(G•, S1)
)
is called the
D-D class of A and is denoted by DD(A).
Definition 10.1. A Rg D-D bundle (A,α) is called oriented if its D-D class is of the form
(0, 0, c); (A,α) is then of type 0. By B̂rR
+
(G) we denote the subset of B̂rR(G) consisting of
oriented Rg D-D bundles.
Given a Rg D-D bundle (A,α) of type 0, the Rg S1-central extension obtained by the com-
posite
B̂rR0(G)
P
−→ HomRG(G, P̂U(Hˆ))
T
−→ ÊxtR(G, S1)
is called the associated Rg extension and is denoted by EA.
It should be noted that the associated Rg extension EA of an oriented Rg D-D bundle is
even in the sense that the grading δ of EA is the zero function. Of course Morita equivalence
and tensor product of Rg D-D bundles preserve orientation. Thus B̂rR
+
(G) is a subgroup of
B̂rR0(G). Indeed, using similar arguments as in [15, §3.4], we obtain the ”Real analogue” of
Kumjian-Muhly-Renault-Williams [17].
Theorem 10.2. Let G //// X be a Real groupoid. Then
B̂rR
+
(G) ∼= HomRG(G, P̂U
0
(Hˆ))st ∼= HˇR
2(G•, S
1).
Remark 10.3. We shall note that the above result generalises J. Rosenberg classification of real
continuous-trace C∗-algebras given in [26]. Indeed, let (X, τ) be a compact Real space. Then
B̂rR
+
(X) ∼= HˇR2(X, S1) ∼= HˇR3(X,Z0,1). Thus, if A ∈ B̂rR
+
(X) with Dixmier-Douady class
DD(A) = α ∈ HˇR3(X,Z0,1), we have τ∗α = −α, which coincides with [26, Proposition 3.1].
APPENDIX A. RG C∗-ALGEBRAS
Recall that a complexification of a real Banach space (E, ‖.‖) is a complex Banach space
(EC, ‖.‖c) such that EC = E+ iE as a complex linear space, the norm ‖.‖c restricts to ‖.‖ on E,
and ‖η + iξ‖ = ‖η − iξ‖ for all η, ξ ∈ E (i.e., EC = E⊗R C). Moreover, for any real Banach
space E , there is a unique (up to equivalence) complexification of it. We refer the reader to [18]
for a general theory of real Banach spaces and real Banach (∗-)algebras and to [28, chap.1] for
an extensive exposition of real C∗-algebra.
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In this way, associated to any real Banach (∗-)algebra A, there is a complex Banach (∗-)algebra
AC = A⊗R C. In particular, if A is a real C∗-algebra, then AC admits a structure of a complex
C∗-algebra. It is however natural to ask the following question
Question A.1. Let B be a complex C∗-algebra. Does there exist a closed real C∗-subalgebra
Br of B such that B ∼= Br ⊗R C?
Although it was mentioned in [18] that this question was remained open, the answer is in
fact ”no”. Indeed, as we will see later, the existence of Br is equivalent to the existence of
a conjugate-linear involution on B, which is also equivalent to B being isomorphic to its con-
jugate algebra via a 2-periodic isomorphism). But such an involution induces an involutory
anti-automorphism ϕ : B −→ B (i.e. ϕ verifies ϕ(ab) = ϕ(b)ϕ(a), ∀a,b ∈ B and ϕ2 = 1).
On the other hand, A. Connes [5] and T. Giordano [11] have constructed examples of von
Neumann algebras that are not anti-isomorphic to themselves. Very recently, other explicit ex-
amples ofC∗-algebras not isomorphic to their conjugate algebras have been constructed by N.C.
Phillips [23] and N.C. Phillips and M.G. Viola [24]).
We shall however point out that being anti-isomorphic to itself is not sufficient for a C∗-
algebra B to admit a conjugate-linear involution, as it was proved by V. Jones in [14].
A.1. Generalities. In this subsection we are concerned with those (C∗-)algebras for which
Question A.1 has a positive answer.
Definition A.2. A Real (Z2)-graded C∗-algebra consists of a C∗-algebra A together with
(i) an involutive ∗-homomorphism α : A −→ A with α2 = 1; α is called the grading;
(ii) an involutive ∗-automorphism σA : A −→ A which is antilinear, such that σ2A = 1, and
σA ◦ α = α ◦ σA. σA is called the Real structure of A.
We will say that A is a Rg C∗-algebra, for short.
We will often write (A,σA) for such a Rg C∗-algebra and we decompose A into the direct
sum A = A0 ⊕A1 where A0 = Ker( 1−α
2
) and A1 = Ker( 1+α
2
).
An element a ∈ A is called homogeneous of degree i, for i = 0, 1 mod 2 , if a ∈ Ai. a is
said to be invariant if it is of degree 0 and σA(a) = a. We write |a| for the degree of an element
a ∈ A. Moreover, it is easy to see that A0 is a C∗-subalgebra of A while A1 is not.
Example A.3. Let A = A0 ⊕A1 be a graded real C∗-algebra. Then its complexification AC is
also graded. Indeed, we have AC = A0C⊕A1C. Now the bar operation − : AC −→ AC given by
a+ ib := a− ib defines a Real structure on AC. For instance, any real C∗-algebra A gives rise
to a Rg C∗-algebra by taking A1 = 0.
Example A.4. Given a real C∗-algebra A, the direct sum A ⊕ A admits a canonical grading
given by (a,b) 7−→ (b,a); then (A⊕A)0 = {(a,a) | a ∈ A} and (A⊕A)1 = {(a,−a) | a ∈
A}. This induces a grading on the complex C∗-algebra AC⊕AC which becomes a Real graded
C∗-algebra. This grading is called the standard odd grading. In particular, the complex Clifford
38 EL-KA¨IOUM M. MOUTUOU
algebra Cl1 = C⊕C is a Rg C∗-algebra with its canonical Real structure given by the complex
conjugation (see [28], for instance).
Definition A.5. Let (A,σA) and (B,σB) be Rg C∗-algebras. A Real graded homomorphism
between A and B is a homomorphism of C∗-algebras ϕ : A −→ B that intertwines the Real
structures and the gradings.
In particular, we say that (A,σA) and (B,σB) are isomorphic as Rg C∗-algebras, and we
write (A,σA) ∼= (B,σB), if there exists a Rg isomorphism between them.
If (A,σA) is a Rg C∗-algebra, then the multiplier algebra M(A) has also a structure of
Real graded C∗-algebra. Indeed, if ǫ is the grading on A and (T1, T2) ∈ M(A), we put
Adǫ(T1, T2) := (ǫT1ǫ, ǫT2ǫ) and it is easy to see that this defines a grading on M(A) with
M(A)(i) = {(T1, T2) ∈ M(A) | ǫTkǫ = (−1)
iTk, k = 1, 2}; moreover the Real structure is
given by
σA(T1, T2) := (σAT1σA,σAT2σ2).
A subspace B of A is Real graded if it is invariant under σA and if it is the direct sum of the
intersections B ∩ Ai (or equivalently, if it is invariant under the grading of A). For instance, it
is easy to check that the centre of any Rg C∗-algebra is Rg.
Le I be a Real graded ideal in (A,σ). Let [a] denote the class of a in A/I, then we can show
that the maps σ([a]) := [σ(a)] and ǫ([a]) := [ǫ(a)], are well defined from A/I to A/I, giving
us a grading and a Real structure on the quotient C∗-algebra A/I.
Now let us give the following simple characterisation of Rg C∗-algebras.
Lemma A.6. Let (A,σA) be a Rg C∗-algebra. Then there exists a real Z2-graded C∗-algebra
AR such that (A,σA) ∼= (AR ⊗R C,− ), where (−) is the bar operation.
Mainly speaking, a Rg C∗-algebra is just a graded complex C∗-algebra which is the com-
plexification of a graded real C∗-algebra, together with the bar operation. This justifies the
terminology ”Real” used.
Proof. Put AR := {a ∈ A | σA(a) = a}. Then AR is a graded real C∗-algebra. Moreover, it is
very easy to check that the map A −→ AR + iAR, a 7−→ a+σA(a)2 + i(
a−σA(a)
2i
) extends to an
isomorphism of complex C∗-algebras intertwining the Real structures and the gradings. 
Remark A.7. Similarly, we will call Rg Banach space any complex graded Banach space which
is the complexification of a Banach space over R.
Example A.8. Let (X, τ) be a (Hausdorff and locally compact) Real space. Then τ induces
a Real structure, also denoted by τ, on the C∗-algebra C0(X) of complex valued functions on
X vanishing at infinity, given by τ(f)(x) = f(τ(x)), for f ∈ C0(X), x ∈ X. Therefore, from
Lemma A.6 we have (C0(X), τ) ∼= (C0(X, τ)⊗RC,− ) where C0(X, τ) := {f ∈ C0(X) |f(τ(x)) =
f(x), ∀x ∈ X} is the real C∗-algebra of invariant elements of (C0(X), τ).
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We must also say something about the tensor product of two Real graded C∗-algebras. This
paragraph is a direct adaptation of [22] to the Real case. Let (A,σ) be a Real gradedC∗-algebra.
A Real graded linear functional on A is a linear functional f : A −→ C such that f|A1 = 0 and
f(σ(a)) = f(a) for all a ∈ A. A Real graded state on A is a positive linear functional s on A
such that ‖s‖ = 1. Suppose that (A,σ) and (B,σ) are separable, Real graded C∗-algebras, then
(A⊙ˆB,σ⊙ˆσ) denotes the algebraic Real graded tensor product of A and B, where elements are
graded be |a⊙ˆb| = |a|+ |b|, and the Real structure is given by σ⊙ˆσ(a⊙ˆb) := σ(a)⊙ˆσ(b). The
product and involutions are defined by
(a⊙ˆb)(a ′⊙ˆb ′) := (−1)|b||a
′|(aa ′⊙ˆbb ′),
(a⊙ˆb)∗ := (−1)|a||b|(a∗⊙ˆb∗).
Now if s and t are Real graded states on A and B respectively, let
(s⊙ˆt)(c∗c) :=
n∑
i,j=1
s(a∗iaj)t(b
∗
ibj),
for c =
∑n
i=1 ai⊙ˆbi ∈ A⊙ˆB. Then s⊙ˆt is a Real graded state on A⊙ˆB. We define a C∗-norm
on A⊙ˆB by
‖c‖ := sup
s,t,d
(s⊙ˆt)(d∗c∗cd)
(s⊙ˆt)(d∗d)
,
where the supremum is taken over all Real graded states s on A, t on B, and over all d ∈ A⊙ˆB
with (s⊙ˆt)(d∗d) 6= 0. The completion of A⊙ˆB with respect to this norm is a graded C∗-
algebra denoted by A⊗ˆB; moreover, σ⊙ˆσ extends to a Real involution on A⊗ˆB which gives
a Real graded C∗-algebra (A⊗ˆB,σ⊗ˆσ) called the (Real graded) tensor product of (A,σ) and
(B,σ).
A.2. Elementary graded complex C∗-algebras. A complex graded C∗-algebra A is called
elementary of parity 0 (resp. of parity 1) if it isomorphic as a graded C∗-algebra to K(Hˆ) (resp.
to K(H) ⊕ K(H)), where Hˆ (resp. H) is a complex graded Hilbert space (resp. a complex
Hilbert space), and K(H)⊕K(H) is equipped with the standard odd grading.
Example A.9 (The complex Clifford C∗-algebras). The complex Clifford C∗-algebras Clp
can be defined as graded C∗-algebras of compact operators in the following way. If p = 2m,
Clp is Cl2m := K(C2
m−1
⊕ C2
m−1
) equipped with the standard even grading Adǫ, where
ǫ =
(
0 1
1 0
)
; if p = 2m + 1 is odd, then Cl2m+1 := K(C2
m
) ⊕K(C2
m
) with the standard
odd grading. We then see that the Cl2m’s are graded elementary C∗-algebras of parity 0, while
the Cl2m+1’s are graded elementary C∗-algebras of parity 1. Moreover, these algebras verify
Clp⊗ˆClq ∼= Clp+q as graded C∗-algebras (see for instance [4, §.14.5], [2]).
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For the sake of simplicity, we assume in what follows that H is a complex separable infinite-
dimensional Hilbert space. Then, by choosing an isomorphismH ∼= H⊕H, we have a complex
graded Hilbert space Hˆ := H ⊕H = (H ⊕H)0 ⊕ (H ⊕H)1, where the grading is given by
(x,y) 7−→ (y, x). We thus obtain a complex graded elementary C∗-algebra K̂ev := K(Hˆ)
of parity 0 (here ”ev” stands for even) whose grading automorphism is the unitary
(
0 1
1 0
)
.
We also get a graded elementary C∗-algebra K̂odd := K(H) ⊕ K(H) with the standard odd
grading. The next subsections are aimed at describing the Real structures of K̂ev and K̂odd.
A.3. Real structures on K̂ev.
Definition A.10. A Real structure (resp. quaternionic structure) on Ĥ is a homogeneous anti-
unitary J : Ĥ −→ Ĥ such that J2 = 1 (resp. such that J2 = −1).
Real structures on Ĥ will be denoted as JR, or as Ji,R, i = 0, 1 if we need to emphasise the
degree i of JR. Similarly, quaternionic structures will be denoted as JH, or Ji,H, i = 0, 1.
Given a Real structure JR : Ĥ −→ Ĥ, its (+1)-eigenspace ĤJR := {x ∈ Ĥ | JR(x) = x} (that
we will also denote by ĤR if there is no risk of confusion) is a real graded separable infinite-
dimensional Hilbert space such that Ĥ ∼= ĤJR ⊗R C. Furthermore, there exists an orthonormal
basis {en}n∈N of Ĥ, unique up to conjugation with homogeneous elements in the orthogonal
group O(ĤJR), such that JR is given by JR(x) :=
∑
n x¯nen for all x =
∑
n xnen ∈ Ĥ. Writing
JR in this form, we get the following straightforward lemma.
Lemma A.11. Let JR be as above. Define σR : K̂ev −→ K̂ev by σR(T) := JRTJR. Then σR is a
Real structure on K̂ev such that (K̂ev)σR ∼= KR(ĤR) as real graded C∗-algebras.
Now suppose JH : Ĥ −→ Ĥ is a quaternionic structure. Define the degree 0 operator
I : Ĥ −→ Ĥ by Ix := ix. Then I2 = −1, and IJ = −JI. Thus, we can define the operator
K := IJ : Ĥ −→ Ĥ which has the same degree as J and which is such that K2 = −1 = IJK.
It turns out that there exists a graded action of the quaternions H on Ĥ given by (i, x) 7−→
ix, (j, x) 7−→ jx := Jx, and (k, x) 7−→ kx := Kx = IJx, where {1, i, j, k} is the usual basis of
the division ring H. Let ĤJH (or just HH if there is no risk of confusion) be the quaternionic
graded Hilbert space, where the H-valued inner product is given by 〈x,y〉H := 〈x,y〉+ 〈x, Jy〉j
if 〈·, ·〉 denotes the complex scalar product of Ĥ.
Lemma A.12. Let JH be as above. Define σH : K̂ev −→ K̂ev by σH(T) := −JHTJH. Then σH is
a Real structure on K̂ev such that (K̂ev)σH is isomorphic, under a graded isomorphism, to the
graded real C∗-algebraKH(ĤH) of the compactH-linear operators on the graded quaternionic
Hilbert space ĤH.
Proof. The only thing we need to show is the graded isomorphism. Suppose that T ∈ (K̂ev)σH .
Then, TJH = JHT , so that T extends uniquely to a compact H-linear operator T˜ : ĤH −→ ĤH
through the formula T˜(jx) := JH(Tx) for x ∈ Ĥ. This provides a homomorphism of real
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graded C∗-algebras (K̂ev)σH −→ KH(ĤH), T 7−→ T˜ . Conversely, any T˜ ∈ KH(ĤH) induces
a unique T ∈ L(Ĥ) such that Tx = T˜ x for all x ∈ Ĥ. Then T ∈ K̂ev. Moreover, one has
(TJH)x = T(JHx) = T˜(jx) = jT˜x = (JHT)x; hence, TJH = JHT , and then σH(T) = T . We then
get a homomorphism of real graded C∗-algebras KH(ĤH) −→ (K̂ev)σH , T˜ 7−→ T . It is easy to
check that these two homomorphisms are inverse of each other. 
The following result classifies all the Real structures on K̂ev.
Proposition A.13. Suppose that σ is a Real structure on K̂ev. Then, σ is either of the form σR,
or of the form σH.
Proof. Choose an orthonormal basis {en} of Ĥ, and for T ∈ K̂ev, define T ∈ K̂ev by T(x) :=
T(x¯), where if x =
∑
n xnen, we set x¯ :=
∑
n x¯nen. Then T = vTv, where v : Ĥ −→ Ĥ is
the anti-unitary defined by the complex conjugation with respect to the basis {en}. Moreover,
v2 = 1. Now, define σ¯ ∈ Aut(0)(K̂ev) by σ¯(T) := σ(T). Then, there exists a homogeneous
unitary u ∈ Û(Ĥ) such that σ¯ = Adu. Whence, σ(T) = σ¯(T) = uvTvu−1 = JTJ−1, where
J := uv. Observe that J is a homogeneous anti-unitary since v is. Furthermore, for all T ∈ K̂ev,
we have T = σ2(T) = J2T(J−1)2; therefore J2 = ±1. 
Definition A.14. We say that a Rg elementaryC∗-algebra (A,σ) of parity 0 is (of type) [0; ε, η],
where ε = 0, 1, η = ±, if its Real structure is induced by an anti-unitary J of degree ε such that
J2 = η1.
Remark A.15. It follows from Proposition A.13 that there are four types of Rg elementary
C∗-algebras of parity 0: [0; 0,+], [0; 0,−], [0; 1,+], and [0; 1,−].
Remark A.16. RegardingK(H) as of parity 0 (with the trivial grading ofH), we get that every
Real structure on K(H) is the conjugation with an anti-unitary J : H −→ H such that J2 = ±1.
Thus, a Real graded C∗-algebra of the form K(H) is either a [0; 0,+] or [0; 0,−].
Example A.17 (Real structures on Cl2). Consider the second Clifford algebra Cl2 = K(C ⊕
C) = M2(C), equipped with the standard even grading. There is a canonical Real structure
JR of degree 0 on the graded Hilbert space C ⊕ C given by the complex conjugation, and a
canonical quaternionic structure of degree 0 J0,H = iJ0,R, which induce the same Real structure
cl0,2 on Cl2 such that (Cl2)σR ∼= (Cl2)cl0,2 ∼= M2(R) ∼= Cl0,2. In other words, Cl2 is the
complexification of the second real Clifford algebra Cl0,2 (see [2] for more details on the real
Clifford algebras Clp,q). However, Cl2 is also the complexification of the quaternions H as
follows. Define the quaternionic structure J1,H : C ⊕ C −→ C ⊕ C of degree 1 by (x,y) 7−→
(y¯,−x¯). The graded quaternionic Hilbert space obtained is H; the Real structure induced by
J1,H is denoted by cl2,0. Observe that (Cl2)cl2,0 = KH(H) = H ∼= Cl2,0. Moreover, this Real
structure is equivalent to the one induced by the anti-unitary J1,R(x,y) := (y¯, x¯). These two
Real structures will play a central role in the classification of elementary Rg C∗-algebras in
Subsection A.5.
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A.4. Real structures on K̂odd. In this subsection we describe the Real structures on K̂odd.
We start by some observations which will be useful. Suppose we are given a trivially graded
C∗-algebra A. Then, any Real structure σ on A defines two different Real structures σ⊕ σ and
σ⊕ (−σ) on the graded C∗-algebra A⊕A (with the standard odd grading), respectively given
by (a,b) 7−→ (σ(a),σ(b)) and (a,b) 7−→ (σ(a),−σ(b)). Notice that the latter Real structure
is equivalent to (a,b) 7−→ (σ(b),σ(a)). Furthermore, if we denote AR := Aσ, then on the one
hand, we get that (A ⊕ A)σ⊕σ is the graded real C∗-algebra AR ⊕ AR with the standard odd
grading, and on the other hand, (A⊕A)σ⊕(−σ) = AR⊕iAR is isomorphic to the graded graded
C∗-algebra Areal which is the underlying R-algebra of A. It is easy to see that the grading of
Areal is given by A0real = AR and A1real = iAR. Conversely, we have the following.
Proposition A.18. Let A be a complexC∗-algebra, and letA⊕A be equipped with the standard
odd grading (a,b) 7−→ (b,a). Suppose τ is a Real structure on A ⊕ A. Then, τ is either of
the form (a,b) 7−→ (σ(a),σ(b)) or (a,b) 7−→ (σ(b),σ(a)), where σ : A −→ A is a Real
structure on the ungraded C∗-algebra A.
Proof. Since τ is of degree 0, it can be written in the form τ =
(
τ+ 0
0 τ−
)
with respect to the
decomposition A⊕A = (A⊕A)0 ⊕ (A⊕A)1, where τ+ : (A⊕A)0 −→ (A⊕A)0 is a Real
structure on the C∗-subalgebra (A ⊕ A)0 of A ⊕ A, and τ− : (A ⊕ A)1 −→ (A ⊕ A)1 is an
anti-linear isomorphism of vector space. For all (a,a) ∈ (A ⊕ A)0, τ+(a,a) ∈ (A ⊕ A)0, so
that it is in the form (σ(a),σ(a)). If (ai,ai) −→ (a,a) ∈ (A ⊕ A)0, then (σ(ai),σ(ai)) =
τ+(ai,ai) −→ τ
+(a,a) = (σ(a),σ(a)), and then σ(ai) −→ σ(a) in A. Furthermore,
it is straightforward that σ(ab) = σ(a)σ(b), σ(λa) = λ¯σ(a) for all λ ∈ C,a ∈ A, and that
σ2 = 1, so that σ is a Real structure onA. Now, for all (b,−b) ∈ (A⊕A)1, (b,−b) ·(b,−b) =
(b2,b2) ∈ (A⊕A)0; thus,
(τ−(b,−b))2 = τ(b2,b2) = τ+(b2,b2) = (σ(b)2,σ(b)2).
Hence, since this is true for all b ∈ A, we obtain τ−(b,−b) = (±σ(b),∓σ(b)). If τ−(b,−b) =
(σ(b),−σ(b)), then τ is given by τ(a,b) = (σ(a),σ(b)), for all (a,b) ∈ a ⊕ a, and if
τ−(b,−b) = (−σ(b),σ(b)), then for all (a,b) ∈ A⊕A, τ(a,b) = (σ(b),σ(a)). 
Definition A.19. A Real structure τ on A ⊕ A is called even if it is of the form (a,b) 7−→
(σ(a),σ(b)), it is odd if it is of the form (a,b) 7−→ (σ(b),σ(a)), where σ is a Real structure
on the ungraded C∗-algebra A.
Proposition A.20. Assume τ : A⊕A −→ A⊕A is a Real structure. Then
(a) (A⊕A, τ) ∼= (A⊗ˆCl1,σ⊗ˆcl0,1), if τ is even, and
(b) (A⊕A, τ) ∼= (A⊗ˆCl1,σ⊗ˆcl1,0), if τ is odd.
Proof. As graded complexC∗-algebras, A⊕A ∼= A⊗ˆCl1 ∼= A⊗Cl1 (cf. [4, Corollary 14.5.3]).
If τ is even, then as graded real C∗-algebras, (A ⊕ A)R ∼= AR ⊕ AR ∼= (AR⊗ˆCl0,1) =
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(A⊗ˆCl1)σ⊗ˆcl0,1 , where AR := Aσ, and (A ⊕ A)R := (A ⊕ A)τ; this establishes (a). If τ
is odd, then (A ⊕ A)R ∼= Areal ∼= AR⊗ˆC ∼= AR⊗ˆCl1,0 ∼= (A⊗ˆCl1)σ⊗ˆcl1,0 , which establishes
(b). 
Corollary A.21. Suppose σ is a Real structure on K̂odd. Then, there exists an anti-unitary
J : H −→ H with J2 = ±1, such that either (K̂odd,σ) ∼= (K(H)⊗ˆCl1,AdJ⊗ˆcl0,1), or
(K̂odd,σ) ∼= (K(H)⊗ˆCl1,AdJ⊗ˆcl1,0).
Definition A.22. We say that a Rg elementary C∗-algebra (K̂odd,σ) of parity 1 is (of type)
[1; ε, η], if the Real structure is of parity ε (i.e., ε is 0 if σ is even, and 1 if σ is odd), and if the
anti-unitary J of Corollary A.21 is such that J2 = η1, where η = ±.
It then follows that there are four of such types: [1; 0,+], [1; 0,−], [1; 1,+], and [1; 1,−].
Example A.23. (Cl1, cl0,1) and (Cl1, cl1,0) are of types [1; 0,+] and [1; 1,+], respectively.
A.5. The classification table. We start this subsection with the following lemma.
Lemma A.24. Let Hˆ1 and Hˆ2 be two graded complex Hilbert spaces, and let Ji, i = 1, 2
be an anti-unitary of degree εi on Hˆi such that J2i = ±1. Denote by gi, i = 1, 2 the grading
automorphism of K(Hˆi). Then, there is an isomorphism of Real graded (elementary) C∗-
algebras
(K(Hˆ1)⊗ˆK(Hˆ2),AdJ1⊗ˆAdJ2) ∼= (K(Hˆ1⊗ˆHˆ2),AdJ),
where J := J1gε21 ⊗ˆJ2g
ε2
2 .
Proof. The isomorphism of graded C∗-algebras K(Hˆ1)⊗ˆK(Hˆ2) −→ K(Hˆ1⊗ˆHˆ2) is given on
homogeneous tensors by
(T1⊗ˆT2)(x1⊗ˆx2) = (−1)
|T2|·|x1|T1(x1)⊗ˆT2(x2).
Moreover, a simple calculation shows that this is actually a Real isomorphism, whenK(Hˆ1⊗ˆHˆ2)
is equipped with the Real structure AdJ; indeed,
AdJ(T1⊗ˆT2) =
(
J1g
ε2
1 ⊗ˆJ2g
ε1
2
) (
T1⊗ˆT2
) (
J1g
ε2
1 ⊗ˆJ2g
ε1
2
)∗
= (−1)ε1ε2+ε2|T1|
(
J1g
ε2
1 T1⊗ˆJ2g
ε1
2 T2
) (
(g∗1)
ε2J∗1⊗ˆ(g
∗
2)
ε1J∗2
)
= (−1)ε2|T1|+ε1|T2|
(
(J1g
ε2
1 T1(g
∗
1)
ε2J∗1)⊗ˆ(J2g
ε1
2 T2(g
∗
2)
ε1J∗2)
)
= AdJ1(T1)⊗ˆAdJ2(T2).

A particular case of this lemma is the following.
Corollary A.25. Le J be an anti-unitary on the ungraded Hilbert space H such that J2 = η1,
where as usual η = ±. Let cl0,2 and cl2,0 be the Real structures ofCl2 defined in Example A.17.
Then,
• [0; 0, η] ∼= (K(H),AdJ)⊗ˆ(Cl2, cl0,2), where J : H −→ H is such that J2 = η1, and
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• [0; 1, η] ∼= (K(H),AdJ)⊗ˆ(Cl2, cl2,0), where J : H −→ H is such that J2 = −η1.
The next theorem can be viewed as a generalisation of C.T. Wall’s result [31, Theorem 3] to
the infinite dimensional case.
Theorem A.26. The type of the Real graded tensor product of two Real graded elementary
C∗-algebras (A,σA) and (B,σB) depends only on those of (A,σA) and (B,σB). Moreover, we
have the formulas
[0; ε1, η1]⊗ˆ[0; ε2, η2] = [0; ε1 + ε2, (−)
ε1ε2η1η2] (36)
[0; ε1, η1]⊗ˆ[1; ε2, η2] = [1; ε1 + ε2, (−)
ε1+ε1ε2η1η2] (37)
[1; ε1, η1]⊗ˆ[1; ε2, η2] = [0; 1+ ε1 + ε2, (−)
ε1ε2η1η2] , (38)
where the sum of degrees is mod 2.
Proof. The formula (36) is nothing more than Lemma A.24. Indeed, we have seen that the Real
structure on K(Hˆ1⊗ˆHˆ2) is defined by the anti-unitary J = J1gε21 ⊗ˆJ2gε12 . The degree of J is
then ε = ε1 + ε2, and J2 = (−1)ε1ε2J21⊗ˆJ22 = (−1)ε1ε2η1η21⊗ˆ1.
Also, combining Corollary A.21, Corollary A.25, we get (37), by considering the isomorphism
of Rg C∗-algebras
(K(Hˆ1),Adj1)⊗ˆ(K(H2)⊗ˆCl1,AdJ2⊗ˆτ1) ∼= (K(Hˆ1⊗ˆH2)⊗ˆCl1,AdJ⊗ˆτ1),
where J = J1⊗ˆJ2, and τ1 is either cl0,1 or cl1,0.
Finally, the equality (38) follows from Corollary A.25 and the following isomorphisms of Rg
C∗-algebras, which can be established by merely using the properties of the real Clifford alge-
bras [2]:
(Cl1, cl0,1)⊗ˆ(Cl1, cl0,1) ∼= (Cl2, cl0,2)
(Cl1, cl0,1)⊗ˆ(Cl1, cl1,0) ∼= (Cl2, cl0,2)
(Cl1, cl1,0)⊗ˆ(Cl1, cl1,0) ∼= (Cl2, cl2,0).

We summarize all the preceding discussions by the following result.
Definition and Proposition A.27. Denote by K̂0, the Rg elementary C∗-algebra (K̂ev,AdJR),
where JR is the anti-unitary of degree 0 on Hˆ defined by (x,y) 7−→ (x¯, y¯) (”−” is the complex
conjugation with respect to an arbitrary orthonormal basis of Ĥ). Then K̂0 is of type [0; 0,+].
Say that two Rg elementary C∗-algebras A and B are stably isomorphic if A⊗ˆK̂0 ∼= B⊗ˆK̂0,
as Rg C∗-algebras.
Stable isomorphism classes of Rg elementary C∗-algebras form an abelian group of order 8
under Rg tensor products, denoted by B̂rR(∗), and called the Rg Brauer group of the point. The
zero element of B̂rR(∗) is the element K̂0.
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Furthermore, elements of B̂rR(∗) are, up to stable isomorphisms, classified by the following
8-periodic table
Parity 0 Parity 1
K̂0 := [0; 0,+] K̂1 := [1; 0,+]
K̂2 := [0; 1,+] K̂3 := [1; 1,−]
K̂4 := [0; 0,−] K̂5 := [1; 0,−]
K̂6 := [0; 1,−] K̂7 := [1; 1,+]
TABLE 1. Classification of Rg elementary C∗-algebras
Remark A.28. Under the notations of Table 1, we set for all n ∈ N∗:
K̂n := K̂1⊗ˆ · · · ⊗ˆK̂1︸ ︷︷ ︸
n−times
.
Then K̂p⊗ˆK̂q ∼= K̂p+q, and from Theorem A.26, K̂n ∼= K̂n+8 for all n ∈ N. Now, define
K̂−n as the inverse of K̂n in B̂rR(∗). Then K̂−n = K̂8−n
Example A.29. (Cf. [28]). One can determine the Real structures of the graded Clifford C∗-
algebras Cln (recall Example A.9), for n ∈ N∗, in the following way: decompose n into a
sum p + q, and consider the Real space Rp,q ⊗R C, with the obvious involution; this latter
induces a Real structure clp,q on the graded C∗-algebra Cln = Cl(Rp,q ⊗R C), such that the
Real part is isomorphic to the graded real Clifford algebra Clp,q. For this reason, we denote the
thus obtained Real graded C∗-algebra by Clp,q. Indeed, for every decomposition n = p + q,
it is not hard to check that Clp,q is a Rg elementary C∗-algebra of type q − p mod 8 (see for
instance [8]).
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